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Abstract The split feasibility problem is at the core of the modeling of many inverse prob-
lems in various areas, and the quasi-convex function usually provides a precise representation
of reality in many fields such as economics, finance and management science. In this paper, we
consider the multiple-sets split quasi-convex feasibility problem (MSSQFP), which is to find
a point such that itself and its image under a linear transformation fall within two families
of sublevel sets of quasi-convex functions in the space and the image space, respectively. A
unified framework of adaptive subgradient methods with general control schemes is proposed
to solve the MSSQFP. This paper is contributed to establish the quantitative convergence
theory, including the global convergence, the iteration complexity and the convergence rates,
of adaptive subgradient methods with several general control schemes, including the a-most
violated constraints control, the s-intermittent control and the stochastic control. An in-
teresting finding is disclosed by the iteration complexity results that the stochastic control
enjoys both advantages of low computational cost requirement and low iteration complexity.
More importantly, we introduce a notion of the Holder-type bounded error bound property
for the MSSQFP, and use it to establish the linear/sublinear convergence rates for adaptive
subgradient methods to a feasible solution of the MSSQFP.
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1 Introduction

Let A:R™ — R™ be a linear operator, C' and ) be nonempty closed and convex sets in R"
and R™ and let f and g be convex and continuous functions on R™ and R™, respectively.
The split feasibility problem (SFP) is to find a point € R™ such that

f(z) <0 and g(Ax) <0. (1.1)
Problem (1.1) includes the following widely studied SFP
zreC and AzeQ. (1.2)

as a special case by taking f(-) := d¢(-) and g(-) := dg(+), the distance functions to C' and Q.
The SFP was firstly introduced by Censor and Elfving [10] so as to solve the phase retrieval
problems. It provides a unified framework for many inverse problems in mathematics and
physical sciences, and has been extensively applied in various areas, such as signal processing
[9], image reconstruction [30], intensity-modulated radiation therapy [11], and systems biology
[18, 39]. Motivated by its vast applications, various numerical algorithms have been developed
to solve the SFP; the most popular and practical algorithms are the subgradient methods for
problem (1.1) [30, 38] and the CQ algorithms for problem (1.2) [8, 39].

To measure the separable structure involved in the SFP precisely, the multiple-sets split
feasibility problem (MSSFP) was introduced by Censor et al. [11], which is a generalization
of the SFP with a series of convex and continuous functions {f;} and {g;} or with a series of
closed and convex sets {C;} and {Q;}. Several works have been devoted to the development
of projection-type algorithms, the extensions of CQ algorithm, for solving the MSSFP with
different stepsize (such as constant and adaptive stepsizes) and different control schemes (such
as cyclic and parallel controls); see e.g., [11, 47, 43, 46, 42, 40].

Most literature mentioned above considered the SFP (1.1) with convex component func-
tions; however, the convex function is restrictive to many real-life problems encountered in
economics, finance and management science. In contrast, the quasi-convex function usual-
ly provides a much more accurate representation of reality in economics and finance and
still possesses certain desirable properties of the convex function; e.g., Sharpe ratio in port-
folio selection and Cobb-Douglas production efficiency in management. In recent decades,
much attention has been drawn to quasi-convex optimization; see [14, 16, 36, 23, 20, 27]
and references therein. In the scenario of the SFP (1.1), [34] considered the split quasi-
convex feasibility problem (SQFP), where the involved functions f and g are quasi-convex
and continuous. They also proposed an adaptive subgradient method to solve the SQFP and
established its global convergence property.



Besides the global convergence property, the establishment of convergence rate is impor-
tant in guaranteeing the numerical performance of relevant algorithms. For the SFP (1.2),
the linear convergence rate of CQ algorithm (with varying and adaptive stepsizes) was estab-
lished under an assumption of bounded linear regularity property [39]. For the quasi-convex
feasibility problem, i.e., (1.1) with A being identity matrix, the linear/sublinear convergence
rates of subgradient methods (with constant and adaptive stepsizes) were explored under an
assumption of Holder-type error bound property [20]. However, to the best of our knowledge,
there is limited study devoted to establishing the convergence rate of subgradient methods
for solving the SQFP.

In the present paper, we consider the multiple-sets split quasi-convex feasibility problem
(MSSQFP): Find a point € R™ such that

filx) <0, Viel, and g;(Az) <0, VjeJ,

where I and J are finite index sets, and {f; : ¢ € I} and {g; : i € J} be two families of quasi-
convex and continuous functions. Inspired by the ideas in [20, 34], we propose the adaptive
subgradient methods for solving the MSSQFP in a unified framework (see Algorithm 3.1),
which covers most types of control schemes discussed in the literature. In particular, the
a-most violated constraints control, the s-intermittent control and the stochastic control are
considered in this paper.

The main contribution of the present paper is to establish the quantitative convergence
theory, including the global convergence, the iteration complexity and the convergence rate, of
adaptive subgradient methods with several general control schemes for solving the MSSQFP.
In particular, we first establish the global convergence theorem of adaptive subgradient meth-
ods to a feasible solution of the MSSQFP; see Theorems 4.1 and 4.4. Furthermore, we derive
its (worst-case) iteration complexity to obtain a feasible solution; see Theorems 4.2 and 4.5.
More importantly, we introduce a notion of the Holder-type bounded error bound property
for the MSSQFP and use it to explore the linear/sublinear convergence rates of adaptive
subgradient methods; see Theorems 4.3 and 4.6. The established theorems not only extend
the subgradient methods in [34, 38| to the scenario of multiple-sets context and quasi-convex
system, but also improve the global convergence results to the quantitative complexity and
linear convergence rate. As far as we know, the establishment of iteration complexity and
convergence rates of adaptive subgradient methods are new in the literature of MSSQFP.

Moreover, the iteration complexity and convergence rates of the adaptive subgradient
method with stochastic control are presented in terms of the expectation of violation and the
expectation of distance from the solution set in Theorems 4.9 and 4.10, respectively. This
paper seems to be the first attempt to propose the stochastic control in subgradient methods
for solving the MSSQFP, and interestingly, provides a theoretical evidence for the benefit of
the stochastic control that it enjoys both advantages of low computational cost requirement
and low (worst-case) iteration complexity; see Remark 4.3 for explanation.

The present paper is organized as follows. In Section 2, we present the notations and

some preliminary lemmas which will be used in this paper. We provide a unified framework



of adaptive subgradient methods with several general control schemes to solve the MSSQFP
in Section 3, and establish the quantitative convergence theory in Section 4.
2 Notations and preliminary results

Notations used in the present paper are standard in the n-dimensional Euclidean space R"
with inner product (-,-) and norm | - ||. For x € R™ and r > 0, we use B(x,r) to denote the
closed ball centered at x with radius r, and use S to denote the unit sphere centered at the
origin. As usual, let R"" and R, denote the nonnegative orthant and positive orthant of
R™, respectively. The positive simplex in R™ is denoted by A, that is,

AT :={AeRT, ) N=1}
i=1

Moreover, we use the notation that a’ := max{a,0} for any a € R, define the positive part
function of f : R™ — R by
fT(z) ;== max{f(z),0} for any z € R™.

For z € R™ and Z C R"”, the Euclidean distance of « from Z and the Euclidean projection of
x onto Z are respectively defined by

dz(z) == Izlélg lt —z|| and Pgz(z):= argrzléig llx — =]
The normal cone of Z at x is defined by
Nz(z) :=={ueR": (u,z —z) <0 for any z € Z}.
A function f: R™ — R is said to be quasi-convex if
flax+ (1 — a)y) <max{f(z), f(y)} forany z,y € R" and « € [0, 1].
The sublevel sets of f at x are denoted by
levi(z) = {y € R : f(y) < f(a)} and levi(s) = {z € R": f(y) < f(x)}.

A convex function can be characterized by the convexity of its epigraph, while the geometrical
interpretation for a quasi-convex function is characterized by the convexity of its sublevel sets.
The following equivalent characterization of a quasi-convex function is well-known.

Proposition 2.1. f : R"™ — R is quasi-convez if and only if lev?(x) (and/or lev?(w)) is
convex for each x € R".



The convex subdifferential df(z) := {g € R": f(y) > f(z)+(g,y—x),Vy € R"} might be
empty for the quasi-convex function (e.g., f(z) = 2® at the origin). Hence, the introduction
of (nonempty) subdifferential of quasi-convex functions is an important issue in quasi-convex
optimization. Several specific types of quasi-subdifferentials have been introduced and ex-
plored for quasi-convex functions that are defined via the “normal cone” to the sublevel sets;
see [1, 15, 23] and references therein. In particular, Kiwiel [28], Censor and Segal [12], and
Hu et al. [23] employed the following quasi-subgradient, defined as a normal vector to its
strict sublevel set, in their concerned subgradient methods. It was reported in [23, Lemma
2.1] that the quasi-subdifferential of f is nontrivial whenever f is quasi-convex.

Definition 2.1. The quasi-subdifferential of f : R™ — R at x € R" is defined by
I f(z) = Nlev?(x)(a:) ={g:(g,y—2x) <0 for any y € levf(m)}.
Any vector g € 0* f(x) is called a quasi-subgradient of f at x.

As a normal cone to its sublevel set, the quasi-subdifferential of a quasi-convex function
contains at least a unit vector. This is a special property of the quasi-subdifferential beyond
the convex subdifferential (for a convex function). Moreover, it was claimed in [23] that
the quasi-subdifferential coincides with the convex cone hull of the convex subdifferential
whenever f is convex.

The notion of Holder condition has been widely studied in harmonic analysis and fractional
analysis and extensively applied in economics and management science. In particular, the
Holder condition of order 1 is reduced to the Lipschitz condition and is equivalent to the
bounded subgradient assumption, which is commonly assumed in the convergence study of
subgradient methods for convex optimization problems; see [3] and references therein.

Definition 2.2. Let 0 < 8 <1 and L > 0. The function f : R®™ — R is said to satisfy the
Holder condition of order 8 with modulus L on R™ if

[f(z) = f(y)l < L|z —y|® for any z,y € R".

The Holder condition is a common assumption in convergence analysis of subgradient-
type methods for quasi-convex optimization; see [23, 27, 44, 24, 25, 26, 21] and references
therein. A fundamental property of the quasi-subgradient was provided under the Holder
condition in [29, Proposition 2.1] and in [20, Lemma 2.1], which plays an important role in
the establishment of a basic inequality in convergence analysis of subgradient-type algorithms.

Lemma 2.1 ([20, Lemma 2.1]). Let f:R™ — R be a quasi-conver and continuous function,
X be a closed and convex set, and let S :={x € X : f(z) <0}. Let 0 < <1 and L > 0,
and suppose that [ satisfies the Holder condition of order B with modulus L on R™. Then,
foranyx € S and y € X \ S, it holds that

f) <L{g,y—x)” for each g € " f(y)NS. (2.1)



We end this section by recalling the following two lemmas, which will be useful in con-
vergence rate analysis of subgradient methods.

Lemma 2.2 ([20, Lemma 2.1]). Let a; > 0 for i =1,2,...,n. Then the following assertions
are true.

(i) If v € (0,1], then

i=1 =1

(£0) faen(S)

(i) If v € [1,00), then

Lemma 2.3 ([21, Lemma 2.2]). Let ¢ > 0 and a > 0, and {up} C Ry be a sequence of
nonnegative scalars such that

Upr1 < up — au,{f” for each k € N.
Then it holds that
1
up < wug (14 aocudk) *  for each k € N.

3 Adaptive subgradient methods for MSSQFP

Let A : R®™ — R™ be a linear operator and X C R" be a closed and convex set, I :=
{1,2,...,M} and J := {1,2,...,N} be two finite index sets, and let {f; : i« € I} and
{gi : i € J} be two families of quasi-convex and continuous functions defined on R"™ and R™,
respectively. In the present paper, we consider the multiple-sets split quasi-convex feasibility
problem (MSSQFP) that is to find a feasible point x € R™ such that

reX, filx)<0,Viel, and g;j(Az)<0, VjeJ (3.1)

Remark 3.1. (i) This type of MSSQFP includes the SFP, MSSFP and SQFP as special
cases. Particularly, it covers the SQFP [34] and the MSSFP [11] when I = J = {1} and
{fi:ie€l} and {g;:1 € J} are convex, respectively, and covers the SFP [10] when both of
them are satisfied.

(ii) This type of MSSQFP includes the feasibility problem as special cases when A is an
identity matriz, either convez [2] or quasi-convex [22, 20]. The feasibility problem is at the
core of the modeling of many problems in various areas of mathematics and physical sciences,
such as image recovery [13], wireless sensor networks localization [19], protein conformation
determination [?] and gene regulatory network inference [39].



As usual, we assume that the MSSQFP is consistent, i.e., the solution set of the MSSQFP
(3.1) is nonempty:

S={reX: filx) <0,Viel; gj(Az) <0,Vj e J} # .

Throughout this paper, we always assume that each component function of the MSSQFP
(3.1) satisfies the Holder condition as follows.

Assumption 1. There exist § € (0,1] and L > 0 such that {f;}icr and {g;};cs satisfy the
Hélder condition of order B with modulus L on X and on AX, respectively.

Remark 3.2. Assumption 1 premises the unified Hélder continuity order and modulus for
all component functions of the MSSQFP (3.1). This is actually equivalent to the Hdlder
condition of each f; and each g; with different orders and moduli as assumed in [12, 27] if
X is bounded; one can also refer to [20, Remark 3.2]. Indeed, suppose that each f; and each
g;j in (3.1) satisfies the Holder condition of order By, € (0,1] and By, € (0,1] with modulus
Ly >0 and Ly, >0 on X and AX, respectively. Then one can check that Assumption 1 is
satisfied with

15} —mln{mel}l Bf,, min By, }

Jje€J

and
L := max {max Ly, diam(X )% max L, dlam(AX)BgJ }
i€l jeJ
One of the most popular and practical numerical algorithms for solving the split (convex
or quasi-convex) feasibility problem (3.1) is a class of subgradient methods; see [30, 34]
and references therein. Here we consider the adaptive subgradient methods for solving the
MSSQFP (3.1) in a general framework (of control schemes), stated as follows. For the sake
of simplicity, we write
6 := max{1, | A|*}. (3.2)

Algorithm 3.1. Select an initial point z1 € R™ and a sequence of stepsizes {\} C (0, +00)
satisfying

<A< N <AL (3.3)

Q:.M—t

For each k € N, having x € R"™, we select nonempty index sets I, C I and J C J, weights
{1k, tier, € AL{’“' and {vk;}jer, € A'J’“|, calculate quasi-subgradients ¢y ; € 0 fi(xx) NS for
each i € I, and vy, ; € 0%gj(Axy) NS for each j € Jy, and update xp11 by

=

+ (Azp)\ 7
Tpy1 :=Px | o — Mg Zuk,i (fz (ka)> Pri — Ak Z Vk,j <gjxk)> ATy | (3.4)

1€l JE€Jk

It is clear by (3.4) that

the sequence {x;};~) will terminate at z; whenever it enters S. (3.5)



Remark 3.3. (i) Algorithm 3.1 extends subgradient methods for solving the SQFP [34] and
MSSFEP [38] to the scenario of multiple-sets context and quasi-convex system, and provides
a unified framework of general control schemes. In particular, when I = J = {1} and
{fi i €1} and take
(0,1), if k is odd,
(ks 1) 1= { (1,0), if k is even,

Algorithm 3.1 is reduced to [34, Algorithm 3.3] for the SQFP.

(i) Algorithm 3.1 extends subgradient methods for solving the CFP [2] and QFP [20] to the
context of split feasibility problems. When A is an identity matriz, Algorithm 3.1 is reduced
to subgradient methods for solving the QFP [20] and covers the ones in [2, 12].

To guarantee the convergence property of the adaptive subgradient methods, we shall
assume the following blanket condition on parameters. It premises a unified nonzero lower
bound for weights in Algorithm 3.1, which ensures each component of (3.1) to take sufficient
contribution for seeking a feasible solution; see [2, Remark 3.13] and [20, Assumption 2].

Assumption 2. There exists an n > 0 such that min;ey, pr; > 1 and minjej, vg; > n for
each k € N.

Under the blanket Assumptions 1 and 2, the following lemma provides a basic inequality
of Algorithm 3.1 for arbitrary type of control scheme, which shows a significant property and
plays a key tool in convergence analysis of subgradient methods.

Lemma 3.1. Let {z;} be a sequence generated by Algorithm 3.1 and x € S. Then the
following assertions are true.

(i) It holds for each k € N that

SN
—
©
(@)
SN—

— _2 2
ki1 — 2> < flag — 2> =220 = ONnL ™5 [ > [ (@x)? + > gf (Azy)
i€l J€EJk

(ii) {l|zx — ||} is monotonically decreasing, and hence {xy} is bounded.

Proof. Assertion (ii) directly follows from assertion (i) of this lemma and (3.3). Hence it
is sufficient to prove assertion (i). To this end, fix £k € N. It follows from (3.4) and the
nonexpansive property of projection operator that

|z — 2|
1 1 _1 1
<|lzgp — AL P Z purif; (2) P dri — ML P Z vk jg;) (Azp)P ATy — x|
i€l i€
_2 1 1
=k —2? + NL7F D i fi (@r)? dri + Y vkig (Awe) P ATy | (3.7)
i€l JEJk
_1 1 _1 1
=2\ L7 Z puiei S (@) P (en — @, dpi) — 2M L7 P Z vk,j9; (Axy)? (Azy, — Az, by ).
i€l Jj€Jk



Note by x € S that fi(x) < 0 for each ¢ € I. Then, for each i € I} with fi(zr) > 0,
1
B

+
by Assumption 1, Lemma 2.1 is applicable to concluding that (zj — z, ¢p;) > (%) :
otherwise, f;"(z;) = 0. Hence we conclude that

1 _1 2
>t @R) P ok — 3, d) = L7 Y i ()P (3.8)
i€l 1€l
Using the similar arguments we did for (3.8), we can obtain that

1 _1 2
> vkjgf (Axp)® (Azy, — Az, ) > L78 Y v g (Azg)?. (3.9)
jE€Jg J€Jk

On the other side, we obtain by the convexity of || - || that

1 1
I i fi (@r) P dr + Y vijgi (Azg) 7 ATy 4

i€l Jje€Jx
Kk, ,
=4 Z Ef ()P s + Z kg g5 (Azy )5 AT |12 (3.10)
1€l j€Jk
2 2
§2ZMk,if¢+(wk)B +2)4]? Z vk,j9; (Axy)? .
M J€Jx

(thanks to {pk,tier, € ALIM and {vy ;}ies, € A‘jr]k‘, ¢ri € S and 1y ; € S for each i € I,
and j € Ji). Combining this with (3.8) and (3.9), (3.7) is reduced to

2 2
+(x g (Axy)
o=l < la—olP=20u1-230) s (F) 20141200 Yy (

i€y, JEJk

This, together with (3.2)-(3.3) and Assumption 2, shows (3.6). The proof is complete. O

The control scheme of index sets {I;} and {J;} plays a central role in determining the
active indices to be executed, and is crucial in guaranteeing the convergence property and
numerical performance of subgradient methods for solving the feasibility problems. The most
two extensively used control schemes are the most violated constraint control and the almost
cyclic control; see, e.g., [2, 12, 20]. In this paper, we will consider several general control
schemes as discussed in [20]. In the following definitions of the general control schemes, item
(a) is an extension of the most violated constraint control and the parallel control, item (b)
is an extension of the almost cyclic control and the parallel control, and item (c) takes the
increasingly popular idea of the stochastic control from [7, 32, 41].

Definition 3.1. Let o € (0,1] and s € N, and let {x}} be a sequence generated by Algorithm
3.1. We say that {I}.} is

(a) the a-most violated constraints control if

I,:={ipel: f;,:(ﬂfk) > Qv max fH(xk)}  for each k € N.
1€



(b) the s-intermittent control if

I=1;Ul 1 U---Ulpyg 1 for each k € N.

(c) the stochastic control if Iy, = {wy} that is a uniformly distributed random variable on I.

4 Quantitative convergence theory

In this section, we assume that Assumptions 1 and 2 are always satisfied, and establish the
quantitative convergence theory, including the global convergence, the iteration complexity
and the convergence rate, of Algorithm 3.1 with the a-most violated constraints control, the
s-intermittent control and the stochastic control, respectively. To explore the convergence
property, the violations of the MSSQFP (3.1) are usually measured by

Ff(z):= max ff(z) and GT(Az):= max g;-L(Aac) for each = € R". (4.1)

1€ VIS
It is clear that
reS & zeX, FH(z)=0, G"(Az) =0.

4.1 o-most violated constraints control

To start convergence analysis, the following lemma provides the basic inequality for Algorithm
3.1 with the a-most violated constraints control, which directly follows from Lemma 3.1
(taking x := Pg(z)) and Definition 3.1(a).

Lemma 4.1. Let {x}} be a sequence generated by Algorithm 3.1 with {I} and {Jy} being
the a-most violated constraints controls. Then it holds for each k € N that

A2 (zp11) < dA(ar) — 20(1 — 6N (%) s (F+(xk)% + G+(Axk)%) . (4.2)

By virtue of Lemma 4.1, this section aims to investigate the global convergence, the
iteration complexity and the convergence rate for Algorithm 3.1 with the a-most violated
constraints control.

4.1.1 Global convergence

We first establish the global convergence for the adaptive subgradient method with the a-most
violated constraints control.

Theorem 4.1. Let {z1} be generated by Algorithm 3.1 with {I} and {Ji} being the a-most
violated constraints controls. Then {xy} converges to a feasible solution of the MSSQFP
(3.1).

10



Proof. Note by Lemma 3.1(ii) that {x;} is bounded, and thus, must have a cluster point,
denoted by z. It follows from (4.2) in Lemma 4.1 that

[N

> 2 2 1 L
Ft(z)? + Gt (Ax ﬁ><<> d%(z1) < .
3 (It + 6 ngt) < e (G) e
Consequently, limg o F(x;) = 0 and limy_ o GT(Axy) = 0, which implies Z € S by the
continuity of { f; }ier and {g;}jes. Recall from Lemma 3.1(ii) that {||z—Z|} is monotonically
decreasing. Hence {z} converges to this z € S, and the proof is complete. O

4.1.2 Iteration complexity

Given ¢ > 0, the (worst-case) iteration complexity of a particular algorithm is to estimate
the number of iterations K (§) required by the algorithm to obtain an approximate d-feasible
solution, that is,

. ) N <
(i o max{F (@), G (Aze)} < 0

As usual, we use [t] to denote the smallest integer larger than ¢.

Theorem 4.2. Let {z\} be generated by Algorithm 3.1 with {I} and {Ji} being the a-most

2 2
violated constraints controls. Let 6 > 0 and Ky, = (% (£)?27. Then

: + + <
 Jnin max{ 7 (), G (Awy)} < 6.

Proof. Proving by contradiction, we assume that max{F*(zy), Gt (Axx)} > §, and conse-

quently F+(azk)% + G+(Axk)% > 5%, for each 1 < k < K,,. Then it follows from (4.2)
that

2

@ (ps1) < d3(an) — 20(1 — Oy (Cf) ’

Summing the above inequality over k = 1,..., Ky, we derive that
5\ ?
— Q
0 < lor ) < dy(or) 2801 - 000 ()
which contradicts with the definition of K. The proof is complete. O

Remark 4.1. Theorem 4.2 shows that Algorithm 3.1 with the a-most violated constraints
control possesses a worst-case iteration complexity of O(l/kg) to a feasible solution. In par-
ticular, as mentioned above, the a-most violated constraints control covers the most violated
constraint control when o = n = 1; also see [20, Remark 3.6]. Hence, as an application of
Theorem 4.2, the iteration complexity for the most violated constraint control is

o [ ()]

11



4.1.3 Convergence rate analysis

The establishment of convergence rate is significant in guaranteeing the numerical perfor-
mance of relevant algorithms. The error bound property plays an important role in con-
vergence rate analysis of numerical algorithms. The notion of the (Lipschitz-type) error
bound property was introduced by [17, 35] for the linear inequality system and convex in-
equality system respectively, and has been extensively used in convergence rate analysis of
various numerical algorithms; see [5, 39, 45] and references therein. As a natural extension,
the Holder-type error bound property was introduced for polynomial systems [31] and has
been widely explored and applied in [6, 33] and references therein. In particular, Suzuki
and Kuroiwa [37] investigated the Holder-type error bound property for the quasi-convex in-
equality system, and Hu et al. [20] applied the Holder-type error bound property to establish
the linear/sublinear convergence rates of subgradient methods for the quasi-convex feasibility
problem. Below we introduce the Hélder-type bounded error bound for the MSSQFP (3.1).

Definition 4.1. The inequality system (3.1) is said to satisfy the Hélder-type bounded error
bound property of order q > 0 if, for any v > 0 such that SNB(0,v) # 0, there exists k(y) > 0
such that

di(z) < k(y) zenIa%)E(J {ff(x),g;r(Ax)} for each x € X NB(0, ). (4.3)

In particular, the inequality system (3.1) is said to satisfy the (Lipschitz-type) bounded error
bound property if (4.3) holds with ¢ = 1.

Following a line of analysis similar to [20, Proposition 3.1], we can provide in the following
proposition a sufficient condition for the Holder-type bounded error bound property of the
MSSQFP (3.1) in terms of the Holder-type bounded error bound property of each component
function and the Slater condition of their sublevel sets.

Proposition 4.1. Suppose that each inequality system { fi(x) < 0} and {g;(Azx) < 0} satisfies
the Holder-type bounded error bound property of order q and the Slater condition is satisfied:

{reX: fi(r) <0,Viel; gi(Az) < 0,Vj € J} # 2. (4.4)
Then the MSSQFP (3.1) satisfies the Holder-type bounded error bound property of order q.

The main theorem of this subsection is as follows, which presents the convergence rates
of the adaptive subgradient method with the a-most violated constraints control under the
assumption of the Holder-type bounded error bound property.

Theorem 4.3. Let {x}} be generated by Algorithm 3.1 with {I} and {J} being the a-most
violated constraints controls. Suppose that (3.1) satisfies the Hélder-type bounded error bound
property of order q > 0. Then the following assertions are true.

12



(i) If ¢ = B, then {zx} converges to a feasible solution & € S at a linear rate; particularly,
there exist ¢ > 0 and T € (0,1) such that

|z — Z|| < et®  for each k € N. (4.5)

(ii) Ifq > B, then {xx} converges to a feasible solution T € S at a sublinear rate; particularly,
there exists ¢ > 0 such that

__B
|z — Z|| < ck™ 2@ for each k € N. (4.6)

Proof. Noting by Lemma 3.1(ii) that {x}} is bounded, we can assume that there exists v > 0
such that S NB(0,v) # 0 and {zx} C B(0,7). By the assumption that the MSSQFP (3.1)
satisfies the Holder-type bounded error bound property of order ¢ > 0, there exists Kk > 0
(depending on this 7) such that (4.3) holds. Since {zx} C B(0,~), one has by (4.3) and (4.1)
that

dl(zp) < kmax {F*(zy), GT(Azy)}  for each k € N.

Noting that F+(xk)% + G+(Aa?k)% > max {F(xy), G*(Axk)}% and 8 < 1, it follows that

2q

df (zy) < K5 (F*(wk)% + G+(Axk)%> for each k € N. (4.7)

This, together with (4.2), shows

2q

A% (zpp1) < d%(zp) — pdf (rx) for each k € N,

- 2
with p:=2A(1 — 6\)n (%) #. Consequently, there exists ¢ > 0 such that
erk, if g =0,

__E_ (4.8)
ck 28 if ¢ > S,

dg(zg) < {

with 7 := /T — p and by applying Lemma 2.3 (with d%(zy), p, % — 1 in place of u, a, o),
for each k£ € N.
Fix [ > k € N. It follows from Lemma 3.1(ii) (taking x := Pg(z)) that

s — x|l < llz = Ps(ae)|| + lzx — Ps(ap)l| < 2[lzx — Ps(zp)|| = 2ds(zx).
Hence, by the convergence of {z;} to £ € S as shown in Theorem 4.1, we obtain that
||£L'k - i’” = lim ||£L'k - l’lH < 2d5($k).
l—00

This, together with (4.8), implies (4.5) and (4.6). The proof is complete. O
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4.2 s-intermittent control

This subsection aims to explore the global convergence, the iteration complexity and the
convergence rate for the adaptive subgradient method with the s-intermittent control. To
proceed, we first deduce the basic inequality for Algorithm 3.1 with the s-intermittent control
by virtue of Lemma 3.1.

Lemma 4.2. Let {x}} be a sequence generated by Algorithm 3.1 with {Ix} and {Jx} being
the s-intermittent controls. Then it holds for each k € N that

4N(1—6X\)n

A (ssn) < d(aa) — = 2L TF (FH @) + G (Avw)T) . (49)

Proof. Fix x € S and k € N. By applying (3.6) in Lemma 3.1 inductively, we obtain that

—_

S—

2 2 2
|25 (es )= < llwap—a|P=20A=6NnL 5> | D [ @aid)? + D gf (Azapye)?

t=0 \i€lspts JE€I skt

(4.10)

Below we estimate the second term on the right hand side of (4.10) in terms of F't(z4) and

G (Axg), respectively. Firstly, let i, € I be the most violated index of the inequality system
{fi(z) < 0}ier at zg, that is,

fit(@sk) = F* (). (4.11)

By definition of the s-intermittent control (cf. Definition 3.1(b)), there exists t; € [0,s — 1]
such that iy, € Ig 44, . Then one has by Assumption 1 that

™[

FiH @) ? < (1 @sra) + Lot — zsill?
ik sk: sk+ty Lsk+ty, msk”
2

2 _
e (fzk ('fcsk+tk)6 + LB Hxskthk $skH2> (412)

IN

(by Lemma 2.2(i) as 8 < 1). Since i € Igys, and t; € [0, s — 1], we get

+( 2 PR " 2
[ @ari)? < D [T @are)? <D0 D [ (@ar)? (4.13)
ZGIsk+tk t=0i€lsp1¢

On the other side, in view of Algorithm 3.1, we obtain by (3.4) and (3.10) that

_2 1 1
ks — 2l S NLTFND - pif i (@r) P i+ Y vijgi (Azp) ATy 512

i€l J€Jk
— 2 2 — 2 2
<ONLTES fi @) + 2 AIPLE Y gf (Any)F.
i€}, J€Jx
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(thanks to (3.3) and {pk,i}ier, € Ali’“l and {vy;}jes, € Aljr]’“l) for each k € N. Then we
derive by Lemma 2.2(ii) that

s—1
|2shit, = Torll® < 8 [Takprsr — Tapre®
t=0
9 _2 st 2 —9 p 71 2
<2sAL 7 Z Z f;r(xskﬂ)ﬁ + 2sA ||A”2L_E Z Z gj_(Axsk-&-t)B'

t=0 1€1sk 4t =0 JE€Jsk+t

This, together with (4.11)-(4.13), deduces that

2
FJF((L'S]{)E
2 2\ = + P g n 2
<27 <1+23A> S g 20N AIRY. ST gf(Avgan)? (414)
t=0 ’Lelsk+t t=0 jejsk+t
s—1
2 _ 2 2 2
< 002T ¥ fwn 12h Y Y g’
t=0i€lsp4t t=0 jEJ k1t

(due to (3.2) and (3.3)). Using the similar arguments we did for (4.14), we can obtain that

+ 2 2_1 2 2 1 2
G (Azsp)? <287 (1+2s) E E 9; (AZgp14) P + 275 E E [ (@shre) .
1=0 jEJs 1t t=0 i€lspy¢

These, together with (4.10) (taking x := Pg(zs)), implies (4.9). The proof is complete. [

4.2.1 Global convergence

Theorem 4.4. Let {x} be generated by Algorithm 3.1 with {Ix} and {Jy} being the s-
intermittent controls. Then {xy} converges to a feasible solution of the MSSQFP (3.1).

Proof. Note by Lemma 3.1(ii) that {zs} is bounded, and thus, must have a cluster point,
denoted by z. It follows from (4.9) in Lemma 4.2 that

[e.e]

Z (F+(xsk)% + G+(A£L‘Sk)%>

k=1
This shows that limy,_,oo F'T(zs) = 0 and limy_,oo G (Azg) = 0, and thus € S by the con-
tinuity of { fi}icr and {g;}jes. This, together with Lemma 3.1(ii), shows that {x}} converges

1+4s

M(QL)Ed%(xS) < 0.

to T € S. The proof is complete. O

4.2.2 Iteration complexity

Theorem 4.5. Let {x} be generated by Algorithm 3.1 with {Ix} and {Jy} being the s-

2
intermittent controls. Let § > 0 and K. = [% (2£)77. Then

min  max{F T (zy), G (Azg)} < 6.

1<k<K.
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Proof. Proving by contradiction, we assume that max{F*(zy),G"(Azg)} > 4§, and thus
2 2 2
Ft(zg)? + Gt (Axy)# > 67, for each 1 < k < K.. Then it follows from (4.9) that

AN(1 — ON)7 < 5 >§‘

2 2
ds(zykt1)) < dg(Tsr) — T s oL

Summing the above inequality over k =1, ..., %, we derive that

0< d%($K0+S) < d%(JJS) -

Y

K AM1— 0Ny (6 \7
1+ 4s 2L

which contradicts with the definition of K.. The proof is complete. O

Remark 4.2. Theorem 4.5 shows that Algorithm 8.1 with the s-intermittent control has a
worst-case iteration complexity of (’)(l/kg) to a feasible solution. Particularly, as mentioned
above, the s-intermittent control coves the almost cyclic control when s = max{M, N} and
n = 1; also see [20, Remark 3.6]. Hence, as a direct application of Theorem 4.5, the iteration
complezity for the almost cyclic control is

K. =

max{M, N}(1 + 4max{M, N})d%(z;) ( 2L> 5
A1 -0\ 0 ’

In contrast to Remark 4.1, we observe that the almost cyclic control requires a much larger
number of iterations than the most violated constraint control:

K.
Kl’Il

= max{M, N}(1 + 4max{M, N})251 > 1.

This shows a benefit of the most violated constraints control over the almost cyclic control.
Nevertheless, the almost cyclic control has an advantage of low computational cost require-
ment, especially for large-scale problems; because it only uses the information of few compo-
nent functions at each iteration, while the most violated constraints control and the parallel
control need to find the most violated index through all component functions or calculate the
subgradients of all component functions.

4.2.3 Convergence rate analysis

Theorem 4.6. Let {xp} be generated by Algorithm 3.1 with {Ix} and {Jy} being the s-
intermittent controls. Suppose that (3.1) satisfies the Holder-type bounded error bound prop-
erty of order ¢ > 0. Then the following assertions are true.

(i) If ¢ = B, then {xx} converges to a feasible solution T € S at a linear rate.

(ii) If ¢ > B, then there exists ¢ > 0 such that

__B
lxx — || < ck 2@=B  for each k € N.
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Proof. Similar to the beginning of proof of Theorem 4.3, there exists x > 0 such that (4.7) is
satisfied. By (4.9) and (4.7), we obtain that

29
d%(xs(kﬂ)) < d¥(wsk) — pdg (zs) for each k € N,

AN(1—-6X)n (L

2
where p 1= = o L) #. Consequently, there exists ¢ > 0 such that

CTk, if g =7,

__B
ck 28, if g > 3,

ds(zg) < {

with 7 := /1 — p and by applying Lemma 2.3, for each k£ € N. Similar to the end of proof of
Theorem 4.3, we can obtain the conclusions, and the proof is complete. ]

4.3 Stochastic control

Deterministic control schemes always suffer from certain drawbacks. Specifically, the most
violated constraints control and the parallel control consume expensive computational cost to
find the most violated index through all component functions or calculate the subgradients of
all component functions at each iteration when the number of component functions is large;
while, the almost cyclic control bears with a higher iteration complexity than these two types
of control schemes; see, e.g., [20].

The idea of stochastic index scheme is increasingly popular in optimization algorithms
and applications; e.g., first-order algorithms with random projection in large-scale network
optimization problems [41], and incremental subgradient methods with random component
selection in distributed optimization problems [3, 27]. A typical example is stochastic gradient
descent algorithms in machine learning [7], in which only one component function is randomly
selected to construct the descent direction at each iteration.

Inspired by the idea of stochastic index scheme, this subsection aims to consider the
stochastic control in the adaptive subgradient method for solving the MSSQFP (3.1) and
investigate its quantitative convergence theory. An interesting finding is disclosed by Theorem
4.9 that the stochastic control has a significant favorable effect on the performance of the
adaptive subgradient method; concretely, the stochastic control enjoys both advantages of
the low computational cost requirement and the low iteration complexity; see Remark 4.3 for
details.

To proceed convergence analysis of the adaptive subgradient method with the stochastic
control, we provide below a basic inequality in terms of conditional expectation.

Lemma 4.3. Let {x}.} be generated by Algorithm 3.1 with {I}.} and {Jy} being the stochastic
controls, and let Fy, := {x1,...,x} for each k € N. Then it holds for each x € S and k € N
that

20(1 — 6X)

E{dj (i) | Fi} < di(an) — o

L7 (F+(xk)% + G+(Axk)%) L (415)
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Proof. Fix x € S and k € N. Since I, = {wg}, Jx = {mr} and n = 1 in the stochastic control
(cf. Definition 3.1(c)), it follows from Lemma 3.1 (taking x := Pg(zy)) that

N

Q(a41) < dilog) — 201 = ONLF (S5 (@) 7 + g, (Aw) 7).

Taking the conditional expectation with respect to Fj, one has

E{a3(ers) | Fi} < di(ex) =221 = O0L75 (E{fh (o) 7 | i} +E{gh (Ann)5 | Fi}).

(4.16)
Noting by definition of the stochastic control (cf. Definition 3.1(c)) that wy is uniformly
distributed on I, we have by the elementary probability theory that

E{&@w@fﬁ:7%§}ﬁ@w%zifﬂ%ﬁ;

el
similarly,
E{gf (Azy)? = LS (A > 2t (AP
{2,427 | A} = 5 20 g (Am) 7 2 5GH(Am)
jeJ
These, together with (4.16), implies (4.15). The proof is complete. O

The supermartingale convergence theorem is taken from [4, p. 148], which is useful in
convergence analysis of the subgradient method with the stochastic control.

Theorem 4.7. Let {Yi}, {Zr} and {Wy} be three sequences of random variables, and let
{Fi} be a sequence of sets of random variables such that Fy, C Fyy1 for each k € N. Suppose
for any k € N that

(a) Y, Zr and Wy are functions of nonnegative random variables in Fi;
(b) E{Yks1 | F} < Yi — Z + Wi

(€) 2zt Wi < 0.

Then > p2y Zi, < oo and {Y}} converges to a nonnegative random variable with probability 1.

4.3.1 Global convergence

Theorem 4.8. Let {x}} be generated by Algorithm 3.1 with {I;;} and {Ji} being the stochastic
controls. Then {xy} converges to a feasible solution of the MSSQFP (3.1) with probability 1.

Proof. Note by Lemma 3.1(ii) that {x;} is bounded, and thus, must have a cluster point,
denoted by z. By virtue of (4.15) in Lemma 4.3, Theorem 4.7 is applicable to showing
that > 77, F+(xk)% + G+(A:rk)% < oo with probability 1. Hence limg_ oo F+(xk)% =0 and
limg_ 00 G+(Axk)% = 0, and consequently Z € S (by the continuity of {f;}ier and {g;};cs),
with probability 1. This, together with Lemma 3.1(ii), shows that {x}} converges to this
x € S with probability 1. The proof is complete. O
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4.3.2 Iteration complexity

Theorem 4.9. Let {x}} be generated by Algorithm 3.1 with {I;.} and {Ji} being the stochastic

2
controls. Let § > 0 and Ky := %_}0%(11) (%) #. Then

1532(5 max{E {F(zx)} ,E{G"(Azy)}} <.

Proof. Proving by contradiction, we assume that max{E {F*(zx)},E{G"(Azg)}} > ¢ for
2 2 2

each 1 < k < K. Consequently, max {E{F*(xk)?},E{GﬂAxk)B}} > 07 by the convexity

of t7 on R, (as B < 1), and thus E {F*(xk)% + G*(Axk)%} > 65, Taking the expectation

on (4.15), one has for each 1 < k < Kj that

20(1—6)) 2 2 2
2 < 2 _ - 7 B + B + B
E{d%(zp1)} < E{d%(zx)} oLV B {F (z)7 + G (Azy) }
— 2
2AM(1—0X) (67
E {d2 - = .
<E{ds(ox)} max{M, N} <L>

Summing the above inequality over k = 1,..., K5, we derive that

028t < e - K 2SI (4)])

which contradicts with the definition of K. The proof is complete. O

Remark 4.3. Theorem 4.9 provides a theoretical evidence for the benefit of the stochastic
control in the sense of the worst-case iteration complexity. In particular, the stochastic control
not only enjoys the significant advantage of the low computational cost requirement as the
almost cyclic control (much less than the most violated control and the parallel control),
but also owns a much lower iteration complexity than the almost cyclic control. Indeed, by
Theorem 4.9 and Remark 4.2, we derive

K, 91-3
— = < 1.
K. (1+4max{M,N})

4.3.3 Convergence rate analysis

Theorem 4.10. Let {x} be generated by Algorithm 3.1 with {I.} and {Jy} being the s-
tochastic controls. Suppose that (3.1) satisfies the Holder-type bounded error bound property
of order ¢ > 0. Then the following assertions are true.

(i) If ¢ = B, then there exist ¢ > 0 and T € (0,1) such that

E{dg(z)} < et®  for each k € N. (4.17)
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(ii) If ¢ > B, then there exists ¢ > 0 such that

5
E{ds(zr)} < ck 2B  for each k € N. (4.18)

Proof. Similar to the beginning of proof of Theorem 4.3, there exists x > 0 such that (4.7) is
satisfied. By (4.15) and (4.7), we obtain that

where p 1=

2q

E{d&(zps1) | Fi} < d&(ax) — pdd (z1),

~ 2
% (i) #. Taking the expectation on the above inequality, we derive by

the convexity of t5 on Ry (as ¢ > ) that

whe

E{d}(wrs1)} <E{d%(@)} —p (E{d%(z1)})

This shows that there exists ¢ > 0 such that

etk if g =10,
__B__
ck @8 if g > [,

E {d%(z)} < {

with 7 := /1 — p and by applying Lemma 2.3, for each k& € N. These, together with that
(E{dg(zx)})? <E {d%(xx)}, imply (4.17) and (4.18), respectively. The proof is complete. [
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