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1 Úó3�8�&E�¿��, <�é&E�I�þ�O, ¤¡��êâþ�êâ5��5��, $^DÚ��àæ�½n?nêâ�Û�5�u²w. Ǒ
Ø�ý/¡E&Ò, �àæ�½n��æ�ªÇ�u½�u&Ò�p�°� 2� [132]. �X&Ò�°�O�±9æ�ªÇ�Op,é&Ò?n���C��\�Ǒ, ÏǑI��éýkÂ8�êâ, �ØÙ¥�P{&E, ��3Ú�;'�&E. ,�p�æ�ªÇ¬��æ�êâþL�, ?��&E�P{ÝOp, ÏdØ�Ø�Ñ�p��;�mÚO�¤�.3¢SA^¥, p�êâ�©þ�m  ¬�3�½§Ý��'5, ?��yêâ3,
C�e´DÕ�½�Ø �. DÕ5�êâ�©þ¥�k4�ê���ØǑ", ý�Ü©��Ǒ".

Donoho[43]!Candès Ú Tao[29] Äu&Ò�DÕ5Ú�Ø 5JÑ�Ø a�EâÚå
�.Æö�'5,3&Ò?n [29,43,58]!ÅìÆS [72,169]!ÄÏ|Æêâ©Û [120,152]!ÚOï� [52]!̂ �



��u�: (�DÕ`z�.�nØ��{�¤� [53, 61, 104]��'+�¤Ǒ
ïÄ9:. Ø a�nØ��)â»
DÚæ�Eâ�Û�5,=XJ�©&Ò (ã�)÷vDÕ5,K�±ÏL4��æ�êâ5°(¡E�©&Ò (ã�).ùØ= �
æ�êâ�5�, ���ü$
?nP{&E�JÝ.(�DÕ`z�ûüCþäk(�DÕ5�`z¯K, �3Ïéj½�5XÚ�(�DÕ). 3
1.1–1.4!,·�ò©O0�DÕ`z�.!|DÕ`z�.!·ÜDÕ`z�.�éÜDÕ`z�..

1.1 DÕ`z�.3éõ¢S¯K¥, p�&Ò²LØ ?nÏ~�±L«ǑDÕ½CqDÕ��þ, ?�±d�þ*ÿ�¡E, =�L«Ǒ�)Xe�5�§|�):

b = Ax + e, (1.1)Ù¥ b ∈ Rm Ǒ*ÿ�þ, A ∈ Rm×n ´a�Ý
 (m ≪ n), x ∈ Rn ´�©&Ò, e ∈ Rm ´D(�þ.du m ≪ n, j½�5�§| (1.1) ´¾��, �3�¡õ�). d�, e3)�m¥\þDÕ5�k�^�, (1.1) �3k�). �âÿþL§´Ä¹D(, �L«Ǒeã ℓ0 �ê4�z¯K:

min
x∈Rn

{‖x‖0 : Ax = b ½ ‖Ax− b‖2 6 ε}, (1.2)Ù¥ ε > 0 ´D(Y², ‖x‖0 L« x ¥�"����ê, Ï~�¡Ǒ ℓ0 �ê1), §�±Ǒx�þ�DÕÝ, AO/, e ‖x‖0 6 s, K¡ x Ǒ s- DÕ&Ò. �)�DÕk�&E½D(Y²���, �±ÏLXe ℓ0 �ê�Kz¯K5¡EDÕ&Ò:

min
x∈Rn

1

2
‖Ax− b‖22 + λ ‖x‖0 , (1.3)Ù¥ λ > 0 Ǒ�Kzëê, ^u²ïXÚêâ[Ü�O(5�)�DÕ5. ℓ0 �ê4�z¯K (1.2)� ℓ0 �ê�Kz¯K (1.3)þ´ NP-J� [1,111],���)(J.Ǒ�)ùüa¯K,��é ℓ0 �ê?1tµ, ò (1.2) � (1.3) =zǑeã´u�)�tµ¯K:

min
x∈Rn

{Φ(x) : Ax = b ½ ‖Ax− b‖2 6 ε}, (1.4a)

min
x∈Rn

1

2
‖Ax − b‖22 + λΦ(x), (1.4b)Ù¥DÕp�¼ê Φ : Rn → R ´ ℓ0 �ê�tµ, Ǒ�¡Ǒv¼ê.du ℓ1 �ê´ ℓ0 �ê3ü ¥S��ZàCq, e^ ℓ1 �êtµ ℓ0 �ê, = Φ(x) = ‖x‖1 :=

∑n
i=1 |xi|, d� (1.4a) � (1.4b) CǑà� ℓ1 �ê4�z¯K� ℓ1 �ê�Kz¯K, ℓ1 �ê�Kz¯KǑ�¡Ǒ Least Absolute Shrinkage and Selection Operator(LASSO)�. [139]. ��u ℓ1 �ê�à5, ¯��) ℓ1 �êtµ¯KC��1, Äu ℓ1 �ê�DÕ`zïÄ�J�� 20 V 90 �, Ù�'�nØ5���{ïÄ3C5%Çu�,®²¤õA^u&Ò�ã�?n [8,146]!)Ô&EÆ

[133, 166]ÚO�ÅÀú [160].Äu ℓ1 �ê�DÕ`zïÄǑ,��
é��¤õ,�EknØÚ¢yïÄL² ℓ1 �ê�DÕp�5�è5�r<¿, ℓ1 �êN´LÝ¨vDÕ�þ¥����, ��)�) � [31,52,57,108],3y¢A^¥Ï~¬��)�g`DÕ5 [175]. ïÄuy, �^�àtµ¼êCq ℓ0 �ê�±��
1) ℓ0 �ê� ℓp �ê¢Sþ¿��ê,�´�«�{.
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¥I�Æ : êÆ 1 54 ò 1 7 Ï' ℓ1 �ê�DÕ�). ~X, e^ ℓp(0 < p < 1) �ê 1 tµ ℓ0 �ê, = Φ(x) = ‖x‖pp :=
∑n

i=1 |xi|p,�*5w, p���, ℓp �ê�UǑxDÕÝ,¿� limp→0 ‖x‖pp = ‖x‖0, limp→1 ‖x‖pp = ‖x‖1. lnØþ5w, ℓp �ê' ℓ1 �êäk$�¨v�wÍ`:, §3�f�^�eǑU�y°(¡E [77, 103]. lê�þ5w, ℓp �ê�Kz�' ℓ1 �ê�Kz�.Ǒäk�r�DÕp�5, §U�yl���*ÿ�¥¡Eêâ [36, 71, 72, 151, 163]. AO/, � p = 1/2 �, ÄuÄÏN��ä�ïÄuy ℓ1/2 �ê�Kz�.3)ÔÆ¿ÂþU¼�' ℓ1 �ê�Kz�.����) [70, 72, 120, 121, 152].

Φ(x) ���éêÚ!C� ℓ1!©ª ℓ1!1w�äýé � (smoothly clipped absolute deviation,

SCAD) Ú4�4�℄v (minimax concave penalty, MCP).aq ℓp �ê, éêÚ!C� ℓ1!©ª ℓ1 '
ℓ1 �êäk�r�DÕp�5 [30,105,113], SCAD � MCP 3ÀJ�Cþ���u ℓ1 �êØ¬�)LÝ �, �±Ó�^uCþÀJÚëê�O, ä��`��ÚO5� [52,171]. ±þ¤ktµ¼êþ�±L«Ǒ Φ(x) =

∑n
i=1 ϕ(xi), Ù¥ ϕ(t) : R → R �äNêÆ/ªXL 1 ¤«.L 1 ~��tµ¼êtµ¼ê ϕ(t)

ℓ1[85, 139] |t|

ℓp[31, 57, 163] |t|péêÚ [30] log( |t|τ + 1)C� ℓ1[113] τ |t|
1+τ |t|©ª ℓ1[105] (τ+1)|t|
τ+|t|

SCAD[52]



















λt, � t 6 λ

2τλt−(t2+λ2)
2(τ−1) , � λ < t 6 τλ

λ2(τ2−1)
2(τ−1) , � t > τλ

MCP[171]







λt− t2

2τ , � t 6 τλ

1
2τλ

2, � t > τλ

Øþãtµ¼ê	, ÄuüSg��v¼êǑk2��ïÄ,ÄuØÓtµ¼ê Φ�üSv¼ê
[19, 20, 117, 138]3L 22)�Ñ. d	, Äu�äg��v¼êǑÚå
éõ'5, ÄuØÓtµ¼ê Φ�Ü©v¼êÚX.v¼ê��L 2. AO/, � Φ � ℓ1 �ê�, Ü© ℓ1 vǑ¡ǑÜ© LASSO, §3�)Ø a�ÚÜ6£8�¤�)�)`u ℓ1 �ê [102],yõ�^u�ÝÆS+� [170];� Φ �ØÓ�tµ¼ê�, �A�X.v¼ê�A^ui;ÆS [81], ã�¡E�ï [114, 118].

2) L¥� |ϕ|[i] L« {|ϕ(ti)| : i = 1, · · · , n} ¥1 i ����.
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��u�: (�DÕ`z�.�nØ��{ L 2 AÏ�v¼êv¼ê ϕ(t)üSv [19, 20, 76, 117, 138] λi|ϕ|[i]Ü©v [10, 102, 170]







0, � 1 6 i 6 s

|ϕ|[i], � i > sX.v [81, 114, 118, 175] min(τ, |ϕ|[i])��5`, L 1 ÚL 2 ¥�v¼êäk�©l(�,��5¿�´, éuüSv¼ê,�vëêS� {λi} U,Sü��, éA�üSv¼êØ�©l. d������©���r�&Ò, �A�üSv�' LASSO ¡E5U�� [76]. �vëêS� {λi} UüSü�, =�����©���r�&Ò� [19, 20, 117, 138], üS ℓ1 v�O�E,Ý� LASSO �N�Ó. d	, C561� ℓ1 − ℓ2v¼ê (= ‖x‖1 − ‖x‖2)[51, 100, 167]Ú ℓ1/ℓ2 v¼ê (= ‖x‖1/‖x‖2)[69, 78, 124, 148]þäkØ�©l(�. ℓ1 − ℓ2 v��d Esser �< [51] JÑ, X�ïÄL²§�' ℓ1 �êäk�r�DÕp�5, ®�¤õA^uã��D!��
Ú^��¤��+� [100, 167]. ℓ1/ℓ2 v��d Hoyer[69]JÑ, äkºÝØC5 [78], yX83_�òÈ [87, 128]ÚDÕÈÅ [79, 123]�+�A^¹õ.

1.2 |DÕ`z�.DÕ`z�Ǒ�a��(�`z¯K, ®²��
2��A^. ��5¿�´, ¢S¯K¥�êâØ
äk�N�DÕ5,   ��3|DÕ5. |DÕ��þ�©þäk©|(�, =z|�©þ�o�Ǒ"�o�Ü�", ��"©þ��8¥3,
|S. |^|DÕ(�ï��±ü$êâ°(¡E¤I���ê, ?�����¡E5U. C5, |DÕ`z�{®�¤õA^uÚOÆS
[74, 181]!ÅìÆS [131, 175]!ã�?n [101, 154]!)Ô&EÆ [115, 189]Ú ²K�Æ [66] �+�.- x = (xT

G1
, · · · , xT

Gi
, · · · , xT

Gr
)T ∈ Rn, Ù¥ {G1, · · · ,Gr} Ǒ�I8 [n] := {1, 2, · · · , n} ���©�, = Gi ∩ Gj = ∅ � ∪r

i=1Gi = [n]. � i = 1, 2, · · · , r �, P xGi ∈ Rni Ǒ x éAeI3 Gi ¥���¤�f�þ. e5½ 00 = 0, K x �|DÕ5�d ℓp,q(p > 0, q > 0) �êïþ:

‖x‖p,q :=















(

r
∑

i=1

‖xGi‖qp
)

1
q

, q > 0,

r
∑

i=1

‖xGi‖0p, q = 0.AO/, ‖x‖p,0 = ‖x‖2,0 L«�"|ê. � p = q �, ‖x‖p,p = ‖x‖p. ,	, � r = n �, é?¿�
p > 0, q > 0, ℓp,q �ê=Ǒ ℓq �ê. aq 1.1 !^ ℓ0 �êǑxDÕ5, ·��±|^ ℓ2,0 �ê5Ǒx|DÕ5, ?�Äeã ℓ2,0 �ê4�z¯K� ℓ2,0 �ê�Kz¯K:

min
x∈Rn

{‖x‖2,0 : Ax = b ½ ‖Ax− b‖2 6 ε}, (1.5a)

min
x∈Rn

‖Ax− b‖22 + λ ‖x‖2,0 , (1.5b)É�u ‖ · ‖2,0 �|Ü5�, ���)|DÕ`z¯K (1.5a)� (1.5b)�Ǒ(J.aqDÕ`z�tµüÑ, ·��Äeãtµ�.:

min
x∈Rn

{Φ(‖xG·
‖p) : Ax = b ½ ‖Ax− b‖2 6 ε}, (1.6a)
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min
x∈Rn

‖Ax− b‖22 + λΦ(‖xG·
‖p), (1.6b)Ù¥ Φ(‖xG·

‖p) Ǒ|DÕp�¼ê, §^ ℓp �êǑx|S(�&E, ´|DÕ5 ‖x‖p,0 �tµ. � Φ� ℓ1 �ê� p = 2�,�A�à ℓ2,1 �ê�Kz�.d YuanÚ Lin[168]3ïÄÚOÆ¥�©|CþÀJ��JÑ, §´ ℓ1 �ê�Kz�.�|DÕí2, Ǒ�¡Ǒ| LASSO �.. ��u LASSO �., HuangÚ Zhang[75]uy| LASSO�.3?nä�r|DÕ(��&Ò�5ULy`u LASSO,�±wÍ~�°(¡E¤I���ê. � Φ � ℓq �ê (0 6 q < 1) � p > 1 �, �A��à ℓp,q �ê�Kz�.� Hu �< [72]A^uÄÏN��ä, ïÄuy ℓp,1/2 �ê�Kz�.�¡E°Ý�è5þ²w`u| LASSO.�u�àv¼ê3DÕ`z¥û��5ULy, Ø ℓp,q �ê	, Ù�p�|DÕ��à|v¼êǑ�JÑ, ~X| SCAD[23, 73, 93, 153, 158], | MCP[23, 73, 93, 158]�|X.v¼ê [118, 178] �. ��u| LASSO, ÄuÄÏL�Ú¢D'éïÄ�¢~y²
| SCAD vÚ| MCP väk�r�ýÿO(5 [23], Äuã�ï�A^ïÄǑL²|X.v¼ê�±¼��p�þ�) [118, 178].

1.3 ·ÜDÕ`z�.Ǒ,DÕ`z�|DÕ`zþ��
�¤õ,�¢S¯K¥�êâ  oä�NDÕ5Ú|DÕ5, ~XÄÏíä�ä¯K¥  �9|SDÕ5 [72, 134], p�õ�©a¯K  �9|mDÕ5 [147]. Ǒ
k�Ǒx|SDÕ5Ú|mDÕ5, ��Äeã·ÜDÕ�Kz�.:

min
x∈Rn

‖Ax− b‖22 + λ1 ‖x‖0 + λ2 ‖x‖2,0 , (1.7)Ù¥ λ1, λ2 > 0 Ǒ¨vëê. � λ1 = 0 �, �. (1.7) òzǑ|DÕ�Kz�. (1.5b); � λ2 = 0 �,�. (1.7) òzǑDÕ�Kz�. (1.3). �é�. (1.7), Yap �< [165]�O
�üNS�MK��{, ¿òÙA^u*Ñ^��¤�¡E. Bian �< [94] ò�. (1.7) ¥�êâ[Ü�í2Ǒ����à¼ê, ¿�O
üaà��{?1�).aquDÕ`z�|DÕ`z�àtµüÑ, Friedman�<©O^ ℓ1 �êÚ ℓ2,1 �ê?1tµ,�Äeã ℓ1-ℓ2,1 ·ÜDÕ�Kz�. [60, 134]:

min
x∈Rn

‖Ax− b‖22 + λ1 ‖x‖1 + λ2 ‖x‖2,1 , (1.8)§Ǒ�¡Ǒ·ÜDÕ LASSO�.. �� LASSO�.,·ÜDÕ LASSO�.�±k��ÑéS�Cþ�z�©þ¨våÝ�Óù�Û�5, ���| LASSO �.U�)|SDÕ�). ·ÜDÕ LASSO�.gJÑ±5��
2��ïÄ. Simon � [134] 3ÄÏL�ïÄ¥ÏL'� LASSO!| LASSO�·ÜDÕ LASSO �ýÿO(5, �y
·ÜDÕ LASSO �.�p�5. Vincent Ú Hansen[147]ò·ÜDÕ LASSO �.$^�Äuõ�£8�.�©a¯K, uyõ�·ÜDÕ LASSO ©aì�5U²w`uõ� LASSO. d	, �. (1.8) ��A^uíÿCzýÿ [33]!Ø(½êâ�AÆÀJ
[161]�8IJl [191]�+�. 8, �)�. (1.8)��{�)�Ieü�{ [60,89]!�©lDÕ�{ [136]!�1wÚîO2.�KF�{ [180]��5z�O���f{ [?] �.�'�àtµ3DÕ`z�|DÕ`z¥�2�ïÄ�¤õA^,8'u·ÜDÕ`z�àtµ�nØ��{ïÄ� �, F"�53ù��¡Uk��\�ïÄ.
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��u�: (�DÕ`z�.�nØ��{
1.4 éÜDÕ`z�.£� 1.1-1.3!,DÕ`z�.!|DÕ`z�.Ú·ÜDÕ`z�.þÄuü�*ÿ�?1êâ¡E [29, 43], 3¢SA^¥, Ï~¬|^Ý
 A ∈ R

m×n �éõ�&Ò x1, · · · , xl Ó�Â8ÿþ�
b1 = Ax1, · · · , bl = Axl,Ù¥ x1, · · · , xl ∈ Rn ���Ó�| 8,�¡ǑéÜDÕ�þ. õÿþ�þ�DÕ`z¯KǑ�¡ǑéÜDÕ`z¯K,�|^ÿþ�þ�ÓÚ5Ó�¡E l �&Ò x1, · · · , xl, ?J,DÕ¡EUåÚ�O°Ý. éÜDÕ`z¯KgJÑ±5, ®�2�A^u�a�¯K�ï�, XõDaì&Ò?n [34, 37, 110, 145]!õ?ÖÅìÆS [4]!õÏ�&Ò?n [50]Ú©ÙªØ a� [126]�.éÜDÕ`z¯K�±L«Ǒ B = AX , Ù¥ B = (b1, b2, · · · , bl) ∈ Rm×l Ǒÿþ�þ, X =

(x1, x2, · · · , xl) ∈ Rn×l. ��/, b�Ý
 X ÷v s- 1DÕ5, = X ��"1êØ�L s. aq
1.1-1.3!, �|^tµ�g�, �ÄeãéÜDÕtµ�.:

min
X∈Rn×l

{

‖X‖qp,q : B = AX½ ‖B −AX‖F 6 ε
}

, (1.9a)

min
X∈Rn×l

‖B −AX‖2F + λ‖X‖qp,q, (1.9b)Ù¥ ‖X‖F := (
∑m,n

i,j=1 X
2
ij)

1/2 L« Frobenius �ê, ‖X‖qp,q :=
∑m

i=1 ‖Xi·‖qp L« X �·Ü ℓp,q �ê
(p > 1, q > 0), Xi· Ǒ X �1 i 1� ‖Xi·‖p = (

∑n
j=1 |Xij |p)1/p.8, éÜDÕ`z�'�nØ��{ïÄÌ�8¥3àtµ�¡. nØþ, Chen Ú Huo[34] Äu spark ^�3�D�/ey²·Ü ℓ1,1 �êtµ�. (1.9a) �°(¡EéÜDÕ`z¯K�ý¢). Troop �< [141, 143] Äu�Z5^�, 3¹D�/e©Oïá
·Ü ℓ∞,1 �êtµ�. (1.9a)9 (1.9b) �)�éÜDÕ`z¯Ký¢)�Ø�.�O. d	, Æö��Äu"�m5� [145]!���å5 [99,106]!pØ�Z5 [47]��a� [41]��K5^�ïá
·Ü ℓ2,1 �êtµ�. (1.9b)�æ°(¡E�nØ.�{þ, �)éÜDÕ`z�p��{�U�JÑ,�)�8�{ [13,34,141]!́»�l�{ [116] Ú¯�K� Landweber �{ [55]. ïÄL²�'DÕ`z, éÜDÕ`zUwÍ~�°(¡E�©&Ò¤I���ê.3�àtµ�¡, Cotter �< [38] JÑ
�)·Ü ℓ2,q �êtµ�. (1.9b) �õ�:j½XÚ�)ì�{ (0 6 q 6 1), ¿y²ÙÛÜÂñ5. Chartrand Ú Wohlberg[32] Äu2Â�K�Ø �fïá
éÜDÕ`z��àtµ�.,¿�O�O���f{éÙ�). Ling �< [98]|^éêÚv¼êtµéÜDÕ�Kz¯K, ¿�O
S�\� ℓ1 � ℓ2 �ê4�z�{éÙ�). 8, éÜDÕ`z��àtµïÄE,?uåÚ�ã, Ï��53ù��¡k�õ�ïÄ¤J.e©ò:�7DÕ`z�.Ú|DÕ`z�.�mnã,Ì�0��'�.��Ü5nØ��)�{. 31 2 !, ·�©Oo(DÕ`z�.�|DÕ`z�.��Ü5nØ, �¹��.nØ�°(¡EnØ. 31 3 !, ·�o(Vã(�DÕ`z+��Í¶�)�{. 1 4 !´é�©�o(9é�5ó���".

2 �Ü5nØ
1.1!� 1.2!¥0���atµ�.Ǒ,�^u�) ℓ0 � ℓ2,0 �ê4�z (½�Kz) ¯K,�tµ�.��Æ5=tµ�.Û�UÏé�DÕ), ±9tµ�.�O(5, =ÏLtµ�.¼��
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¥I�Æ : êÆ 1 54 ò 1 7 Ï�`)�ý¢)�m�Ø�.þ´I�'5�¯K. 3 2.1 !Ú 2.2 !, ·�ò©O0�DÕ`z�.¥²;��K5^�9Ù3�a^�e��Ü5nØ; 3 2.3 !Ú 2.4 !, ·�ò©O0�|DÕ`z�.¥~���K5^�9Ù3�a^�e��Ü5nØ.

2.1 DÕ`z�.��K5^��éDÕ`z�., �K5^�Ø=�^u©Û�.�nØ5�, �æ�.�`)�ý¢&Ò�m���5, ��^5�æ`z�{�Âñ5. 861��K5^��)pØ�Z5 (Mutual

Incoherence Property, MIP)[46]!���å5� (Restricted Isometry Property, RIP)[29]!DÕAÆ�^� (Sparse Eigenvalue Condition, SEC)[44]!��AÆ�^� (Restricted Eigenvalue Condition,

REC)[11]!p-��AÆ�^� (p-Restricted Eigenvalue Condition, p-REC)[72]!"�m5� (Null Space

Property, NSP)[58]!��m5� (Range Space Property, RSP)[183]����_Ïf (Restricted Invert-

ibility Factor, RIF)[172]. �e5, ·��ÑäN0�.½Â2.1 (MIP, [46]) � A = [A·1, A·2, · · · , A·n] ∈ Rm×n ÷v���z, = ‖A·j‖2 = 1, ∀j ∈ [n].

MIP ^�Ï~b� A ��Z5~ê µ é�, Ù¥ µ ½ÂXe:

µ = max
i6=j

|AT
·iA·j |.�â½Â��, �Z5~ê´uO�.½Â2.2 (RIP, [29]) � A ∈ Rm×n, A � s- ���å~ê δs ∈ (0, 1) ½ÂǑ

δs := min
{

δ : (1 − δ)‖x‖2 6 ‖Ax‖2 6 (1 + δ)‖x‖2, ∀x ∈ R
n�‖x‖0 6 s

}

,d�, ¡Ý
 A ÷v~êǑ δs � s-RIP.

RIP Ï~J±O� [6], �§�d�Z5~ê µ �� [26, 5�4.1]. d	, s-RIP ���dL«Ǒ
[58, ½Â2]

δs = max
T ⊆[n],|T |6s

‖AT
T AT − I‖22.AO/,ïÄuyËã|Ý
!pdÝ
ÚgpdÝ
±pVÇ÷v RIP[28,29,58]. du AT

T AT �Ï"AÆ��ü AÆ��Øé¡ �, Tanner �< [12] JÑ
�é¡����å5�.½Â2.3 (�é¡ RIP, [12]) � A ∈ Rm×n, ½Â A ��é¡���å~ê αs � βs ©OǑ
αs := min

c>0

{

c : (1 − c)‖x‖22 6 ‖Ax‖22, ∀x ∈ R
n�‖x‖0 6 s

}

,

βs := min
c>0

{

c : ‖Ax‖22 6 (1 + c)‖x‖22, ∀x ∈ R
n�‖x‖0 6 s

}

.aq/, �é¡����å~ê αs � βs �©O�dL«Ǒ [5]:

αs = 1 − min
T ⊆[n],|T |6s

λmin(AT
T AT ), βs = max

T ⊆[n],|T |6s
λmax(AT

T AT ) − 1.½Â2.4 (SEC, [44]) � A ∈ Rm×n, e ATA � s- ��DÕAÆ��u 0, =
φmin(s) := min

‖x‖06s

xTATAx

xTx
> 0,K¡ A ÷v s- DÕAÆ�^�.
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��u�: (�DÕ`z�.�nØ��{XJ φmin(2s) > 0¤á,K�5XÚ Ax = b� s-DÕ)´���. XJ ATA� 2s-��DÕAÆ�Ǒ" (= φmin(2s) = 0), KJ±l¹D�*ÿ�¥¡EÑý�� s- DÕ).½Â2.5 (REC, [11]) � A ∈ Rm×n, s 6 t 6 n, s + t 6 n, I ⊆ [n], I(x; t) L« x 3 Ic ¥ýé���� t �����I8. XJ
φ1(s, t) := min

{‖Ax‖2
‖xT ‖2

: |I| 6 s, ‖xIc‖1 6 ‖xI‖1, T = I(x; t) ∪ I
}

> 0,K¡ A ÷v'u (s, t) ���AÆ�^�.3 SEC�Ä:þJÑ� REC�±d RIP�y [11],égpdÝ
ó, RECEpVÇ÷v [129].2���'pd�OÝ
Ǒ÷v REC %pVÇØ÷v RIP[127].½Â2.6 (p-REC, [72])� A ∈ Rm×n, 0 6 p 6 1, s 6 t 6 n, s+ t 6 n, I ⊆ [n], I(x; t) L« x 3 Ic¥ýé���� t �����I8, XJ
φp(s, t) := min

{‖Ax‖2
‖xT ‖2

: |I| 6 s, ‖xIc‖p 6 ‖xI‖p, T = I(x; t) ∪ I
}

> 0,K¡ A ÷v'u (s, t) � p- ��AÆ�^�.

p-REC Ǒx
 ATA ��3÷v ℓp �êØ�ª��þ8þ��½5. d	, p ��, p-REC �f.AO/,

1-REC =⇒ 1

2
-REC =⇒ 0 -REC.½Â2.7 (NSP, [58]) � N (A) := {x ∈ Rn : Ax = 0} Ǒ A ∈ Rm×n �"�m.

(1) é?¿� S ⊆ [n] � |S| 6 s, XJé?¿� v ∈ N (A)\{0}, Ñk ‖xS‖1 < ρ‖xSc‖1 ¤á, K3
ρ = 1 �, ¡ A ÷v s- "�m5�; 3 ρ ∈ (0, 1) �, ¡ A ÷v s- ½�"�m5�;

(2) é?¿� S ⊆ [n] � |S| 6 s, XJé?¿� v ∈ Rn, Ñk ‖xS‖1 < ρ‖xSc‖1 + τ‖Ax‖2 ¤á, Ù¥
ρ ∈ (0, 1), τ > 0, K¡ A ÷v s- °�"�m5�.(Ü NSP �½Â, ¬uy NSP î�fu RIP, �� [24, 59]. AO/, �½Â 2.7(1) ¥� ℓ1 �êǑ ℓp �ê�, �A��K5^��¡Ǒ p-NSP[179].½Â2.8 (RSP, [183]) XJé?¿Ø����I8 I,J ⊆ [n] � |I| + |J | 6 s, �3 η ∈ R(AT )�

ηi = 1, ∀i ∈ I; ηi = −1, ∀i ∈ J ; |ηi| < 1, ∀i /∈ I ∪ J¤á, K¡ AT ÷v s-RSP, Ù¥ R(AT ) Ǒ AT ���m.5¿�, s-RSP �du s-NSP[183]. 3 RSP �Ä:þ, Zhao�<�JÑ
f RSP ���f RSP,§�þfu RIP � NSP[182,184, 186].½Â2.9 (RIF, [172]) � q > 1, ξ > 0,S ⊆ [n], ���_Ïf½ÂXe:

RIFq(ξ,S) = inf

{ |S|1/q‖ATAu‖∞
m‖u‖q

: Φ(uSc) 6 ξΦ(uS)

}

.±þǑ�
~^��K5^�, §��m�'XXe¤«:
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¥I�Æ : êÆ 1 54 ò 1 7 Ï
REC p-REC

[72]
SEC

[72]

RIP

[11]

MIP

[95]

[26, 46]

NSP
[11, 58]

RSP
[183]

2.2 DÕ`z�.��Ü5nØÄu 2.1 !��a�K5^�, ·��±�éØÓ�tµ�.�ã�A��Ü5nØ. �Bå�,Ø�� x̄ ÷v b = Ax̄ + e � S = supp(x̄), x∗
0 Ú x∗

0,ε ©OǑ (1.2) 3�DÚ¹D�/e��`), x∗
ΦÚ x∗

Φ,ε ©OǑ (1.4a)3�DÚ¹D�/e��Û�`), x∗
0,λ Ú x∗

Φ,λ ©OǑ (1.3)Ú (1.4b)��Û�`). AO/, 3¹D�/e, � Φ(x) = ‖x‖1 �, �A�tµ¯K (1.4a)� (1.4b) ��Û�`)©OPǑ x∗
1,ε, x

∗
1,λ. 3ØÚå· ��¹e, Ù��v¼êaq?n. ,	, P σs(x̄)p := inf‖z‖06s ‖x̄− z‖pǑ x̄ 3 ℓp �êe��Z s- DÕ%C.

(I). àtµ�/ Äu MIP ^�, Donoho �< [45] y²
� ‖x̄‖0 6 (1/µ + 1)/4 �, ℓ1 �ê4�z¯KäkXe�°(¡E(J:

‖x∗
1,ε − x̄‖2 6

4ε2
√

1 − µ(4‖x̄‖0 − 1)
. (2.1)Äu RIP ^�, Candès Ú Tao[29]3�D�/e, ïá
 ℓ1 �ê4�z¯K� ℓ0 �ê4�z¯K��d5, y²� δs + δ2s + δ3s < 1 �, x̄ Ǒ ℓ1 �ê4�z¯K����`); 3¹D�/e, y²� δ3s + 3δ4s < 2 �, k

‖x∗
1,ε − x̄‖2 6 O(ε).

Cai Ú Zhang[27] y²� δts <
√

(t− 1)/t � (t > 4/3), �) ℓ1 �ê4�z¯K�±°(¡E¤k s-DÕ&Ò. AO/, � δ2s < 1/
√

2 �, x∗
1,ε ÷v

‖x∗
1,ε − x̄‖2 6 O(ε) + O

(

σs(x̄)1√
s

)

,Äu REC ^�, Bickel �< [11] ©OÒ LASSO Ú Dantzig �O, y²
‖x∗

1,λ − x̄‖22 6 O
(

sλ2
)

.±Ø$u 1 − n1−ζ2/8 �VÇ¤á (ζ > 2
√

2). Van de Geer Ú B j hlmann[144] �é ℓ1 �ê�Kz¯Ky²
‖Ax∗

1,λ − b‖22 + λ‖(x∗
1,λ)Sc‖1 6 sλ2φ2

1(s, s),

‖x∗
1,λ − x̄‖22 6 2sλ2φ−4

1 (s, s).

(II). �àtµ�/ Äu MIP ^�, Dai �< [42] �é ℓp �ê4�z¯K, y²� ‖x̄‖0 6

γ1/p−2(µ + 1)/(41/pµ) �, x∗
p,ε ÷v

‖x∗
p,ε − x̄‖2 6

2ε
√

1 − µ
(

41/p

γ2/p−2 ‖x̄‖0 − 1
)

, (2.2)
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��u�: (�DÕ`z�.�nØ��{Ù¥ γ ∈ [1/‖x̄‖0, 1/‖x̄‖0]. � γ > 2 �, (2.2) ¥��.�þ.' (2.1) ¥�.�;, ù¿�X ℓp �ê4�z�.' LASSO �.�ýÿO(5�p, �éý¢&Ò�DÕÝ���$.Äu RIP ^�, Song[135]�<y²� δ(tp+1)s < 1/
√
tp−2 + 1 � (t > 0), ℓp �ê4�z¯K3�D(�/e�±°(¡E s- DÕ&Ò; ¿3D(Y²÷v ‖e‖2 6 ε ½ ‖AT e‖∞ 6 ε �, ©Oïá


ℓp �ê4�z¡EDÕ&Ò���.. ,	, � δ2s ∈ [
√
2
2 , 1) � p 3�½K���S, Wen �< [159]y²

‖x∗
p,ε − x̄‖p2 6 O(s

p
2
−1σs(x̄)pp) + O(εp),AO/, � ε = 0 � x̄ T�Ǒ s- DÕ&Ò�, ℓp �ê4�z¯K�¢y°(¡E.Äu�é¡� RIP ^�, Foucart Ú Lai[57] y²XJé?¿��ê t > s, γ2t := β2

2t/α
2
2t ÷v

γ2t − 1 < 4(
√

2 − 1)(t/s)1/p−1/2, K ℓp �ê4�z3�D�/e�±°(¡E s- DÕ�þ; �3¹D�/e, k
‖x∗

p,ε − x̄‖2 6 O

(

σs(x̄)p

t
1
p− 1

2

)

+ O

(

ε

β2s

)

.Äu p-REC ^�, Hu �< [72] �é ℓp �ê�Kz¯K, y² x∗
p,λ ÷v:

‖Ax∗
p,λ − b‖22 + λ‖(x∗

p,λ)Sc‖1 6 sλ
2

2−pφ
2−p
2p

p (s, s),

‖x∗
p,λ − x̄‖22 6 2sλ

2
2−pφ

2−p
4

p (s, s).Äu RIF �K5^�, Zhang �< [172] �é���DÕ�Kz`z�. (1.4b), y² x∗
Φ ÷v

‖x∗
Φ − x̄‖2 6 (1 + η)λ∗|S| 12 RIFq(ξ,S),Ù¥ η ∈ (0, 1), ξ = (η + 1)/(1 − η), λ∗ := inf t>0{t/2 + ρ(t;λ)/t} Ǒv¼ê�K�Y², ùp Φ �) ℓp�ê!SCAD!MCP �X. ℓ1 v¼ê.

2.3 |DÕ`z�.��K5^�3�)|DÕ`z¯K�,·�Ï~�Ä�A�|v¼êtµ�.,�v¼ê (½�K�)�À�¬KǑtµ�.�5U, ?�����.�ý¢)�) �. Ïd�Otµ�.�)�ý¢)�m�Ø�.�'�, ùU�ytµ�.�O(5. �u|DÕ`z�.�DÕ`z�.���éX,DÕ`z�.��K5^��õ�ò��|DÕ`z, X|�Z5 (Group Coherent, GC)[48]!|���å^� (Group RIP, GRIP)[49]!|"�m5� (Group NSP, GNSP)[62, 86, 137] �|��AÆ�^� (Group REC, GREC)[72]. e¡·�ò£�ù
�K5^�,½Â2.10 (GC, [48]) éu©| {Gi}ri=1 �z|�ê���Ó= ni = d, ∀i ∈ [r], ½Â A ∈ Rm×n�|�Z5~ê µG �g�Z5~ê µS ©OǑ:

µG = max
i6=j

1

d
‖A∗

Gi
AGj‖2, µS = max

16l6r
max

(l−1)d6i6=j6ld
|A∗

·iA·j |,Ù¥ A∗ L« A ���Ý
.� d = 1 �, |�Z5~ê µG T�òzǑDÕ`z��Z5~ê µ(½Â 2.1). d	, Äu MIP�,�«|�Z5~ê�í2/ª�ë� [82], Ùþ.�d�Z5~ê µ ��.
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¥I�Æ : êÆ 1 54 ò 1 7 Ï½Â2.11 (GRIP, [49]) � A ∈ Rm×n, S ∈ N ÷v S 6 n, ½Â A 3©|(� G = {G1, · · · ,Gr}þ�|���å5~ê ∆S ∈ (0, 1) Ǒ
∆S := min

{

∆ : (1 − ∆)‖x‖2 6 ‖Ax‖2 6 (1 + ∆)‖x‖2, ∀x ∈ R
n÷v‖x‖2,0 6 S

}

.N´uy, GRIP ´ RIP �ò�, �§' RIP �f�
 [7, 49].½Â2.12 (GREC, [72]) � A ∈ Rm×n, 0 6 q 6 p 6 2, ¡ A ÷v'u (S,N) � (p, q)- |��AÆ�^�, XJ
φp,q(S,N) := min

{ ‖Ax‖2
‖xGN

‖p,2
: |J | 6 S, ‖xGJ c‖p,q 6 ‖xGJ

‖p,q,N = J (x;N) ∪ J
}

> 0,Ù¥ S 6 N ≪ r, x ∈ Rn,J ⊆ [r], J (x;N) L« ‖xGi‖p 3 {‖xGj‖p : j ∈ J c} þ��� N �|¤éA��I8.d½Â��, (p, q)-GREC´ p-REC�ò�,§' p-REC�f. ÏǑ�' p-REC, (p, q)-GRECòz�|ÀǑ����, 3�'�åþ�gdÝ�Ǒ s/nmax, ùw,' s �.½Â2.13 � N (A) := {x ∈ Rn : Ax = 0} Ǒ A ∈ Rm×n �"�m.

(1) (ℓ2,1-GNSP,[137]) é?¿� J ⊆ [r] � |J | 6 S, XJé?¿� x ∈ N (A)\{0}, Ñk ‖xJ ‖2,1 6

‖xJ c‖2,1 ¤á, K¡ A ÷v ℓ2,1- |"�m5�;

(2) (ℓ2,1- °� GNSP, [62, 86]) é?¿� J ⊆ [r] � |J | 6 S, XJ�3 ρ ∈ (0, 1), τ > 0, ��
‖xJ ‖2 6

ρ√
S
‖xJ c‖2,1 + τ‖Ax‖2 é?¿� x ∈ Rn ¤á, K¡ A ÷v ℓ2,1- °�|"�m5�.

2.4 |DÕ`z�.��Ü5nØaq/,Äu 2.3!��K5^�,Æö�ïÄ
�a|DÕ`ztµ�.��Ü5nØ.3ØÚå· ��¹e, � 2.2 !aq/, � Φ(‖xGi‖p) = ‖x‖p,q �, ·�P ℓp,q �ê4�z¯K (1.6a) ��Kz¯K (1.6b)3¹D�/e��`)©OǑ x∗
p,q,ε � x∗

p,q,λ. ,	,P σS(x̄)q := inf‖z‖2,06S ‖x̄−z‖2,qǑ x̄ 3 ℓ2,q �êe��Z S |DÕ%C.

(I). àtµ�/ Äu GRIP ^�, Eldar Ú Mishali[49] y²� ∆2S < 0.414 �, ℓ2,1 �ê4�z¯K�±°(/¡E?¿ S- |DÕ&Ò, �
‖x∗

2,1,ε − x̄‖2 6 O

(

σS(x̄)1√
S

)

+ O(ε), (2.3)

LinÚ Li[97]ò GRIP �^�U?Ǒ ∆2S < 0.4931,¿�Ñ
°(¡E�,��¿©^� ∆S < 0.307.

Gao �< [62] ?�Úò�Ü5nØ (2.3) ¤á� GRIP ^�U?� ∆2S < 0.6426. d	, Äu ℓ2,1 °� GNSP ^�, Gao Ú Koep � [62, 86]�é ℓ2,1 �ê4�z¯K, Ǒïá
aqu (2.3) ���..

(II). �àtµ�/ Äu GRIP ^�, Xu �< [157]y²� ∆2S < 1/2 �, �3� ∆2S �'�~ê q0, é?¿� q < q0, ℓ2,q(0 < q 6 1) �ê4�z¯K�±è/¡E|DÕ&Ò, =
‖x∗

2,q,ε − x̄‖2 6 O

(‖x̄T c
0
‖2,q

S
1
q− 1

2

)

+ O(ε),Ù¥ T0 ´ x̄ 'u ℓ2 �ê��� S �©|¤éA��I8.
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��u�: (�DÕ`z�.�nØ��{Äu GRIP ^�, Xue �< [54] 3¹D�/e, ïá
 ℓ2,q(0 < q < 1) �ê�Kz¯K��Ü5nØ, =� ∆2S ∈ (0, 1) � (q,∆2S) ÷v�½^��, k
‖x∗

2,q,λ − x̄‖22,q 6 O

(

ε2

λ

)

+ O(σS(x̄)qq) + O(S1− q
2 εq) + O(S1− q

2 ). (2.4)

ε Ú S ��, (2.4)¥���.�O�;. d	, � q �C 1 �, ℓ2,q �ê�Kz¯K���.�C|
LASSO 3 GRIP eïá���. O(λ2)[107].Äu (p, q)-GREC ^�, Hu � [72] ïá
 ℓp,q(0 < q < 1 6 p) �ê�Kz¯K��Û��.:

‖x∗
p,q,λ − x̄‖22 6 2λ

2
2−q Sφ

2−q
4

p,q (S, S).� λ v
��, ý¢DÕ) x̄ Ñ�±d x∗
p,q,λ °(¡E.

2.2!9þãSNþǑÄu�a�K5^��éDÕ`z�|DÕtµ`z�.ïá��Ü5nØ. ¯¢þ, 3¹D�/e, e���) ℓ0 �ê4�z¯K (1.2) �eã ℓ2,0 �ê�å`z¯K
min
x∈Rn

{‖Ax− b‖22 : ‖x‖2,0 6 S}, (2.5)Ǒ�3�A��Ü5nØ. ~X� ‖x‖0 6 (1 + 1/µ)/2 �, Donoho �< [45] y² (1.2) �½/¡E�©&Ò, � x∗
0,ε ÷v

‖x∗
0,ε − x̄‖2 6

4ε2
√

1 − µ(2‖x̄‖0 − 1)
;�D(�þ e ¥�z���ÕáÑlupd©Ù N(0, σ2) �, Hazimeh �< [68]y² (2.5) ��`)

x∗
2,0,S ±Ø$u 1 − (S/r)S �VÇ÷v

‖x∗
2,0,S − x̄‖2,1 6 σS

[

T̄S + log(r/S)

m

]1/2

[γ2S ]−1,Ù¥ T̄S = max|J|6S

∑

i∈J Ti/S, Ti Ǒz�©| i ∈ [r] ¥�AÆê, γS := min|Gsupp(x)|6S

√
S‖Ax‖2√
m‖x‖2,1

.

3 �)�{�u(�DÕ`z3�.Úó§þ�wÍA^,Æö��UJÑ
�õ�)(�DÕ`z�.�p��{. �e5, �©ò�âØÓ�¯K�.©Oltµ ℓ0 �ê���?n ℓ0 �êü�ÆÝ, ò�)�{©Ǒtµa�{� ℓ0 �ê4�z�{ü�a, 2©O0��g�������)�{.

3.1 tµa�{�!Ì�0��)tµ¯K (1.4a) Ú (1.4b) �������)�{.

3.1.1 ��tµ�{
(I). S�Â K��{ (Iterative Shrinkage Thresholding Algorithm§ISTA)[39] ´�a�~É'5�FÝa�{, Ǒ¡Ǒ^K��{. �)tµ¯K (1.4b) � ISTA S�L§Ǒ:

xk+1 = Sλv(xk − vAT (Axk − b)), (3.1)

12



¥I�Æ : êÆ 1 54 ò 1 7 ÏÙ¥ v > 0 ´Ú�, ��ÏL£�Ú�5K¼�, Sα : Rn → Rn Ǒ^K�Â �f, é�½� x ∈ Rn,

Sα(x) �1 i �©þǑ:

Sα(x)i := (|xi| − α)+sgn(xi), i ∈ [n],Ù¥ t+ := max(0, t), sgn(·) ´ÎÒ¼ê. Sα ò' α ��©þ�Â Ǒ 0,ò' α ��©þ�C�. l
(3.1) �±wÑ: 3zÚS�¥, ISTA kéêâ[Ú��FÝeü, 2ÏL^K�Â �f�# xk+1,�{(�{ü�´u¢y. P (1.4b)�8I¼ê F (x) := f(x) + λ‖x‖1, Ù¥ f(x) = 1

2‖Ax− b‖22, BeckÚ Teboulle[8, ½n3.1] y²d ISTA )¤S� {xk} �Âñ�ÝǑ O(1/k), ÷v
F (xk) − F (x∗) 6

αL(f)

2k
‖x0 − x∗‖22,Ù¥ x∗ Ǒ (1.4b) ��`), � L(f) L« ∇f � Lipschitz ~ê. Äu ISTA �û)
Nõp��\��{, ~X Beck Ú Teboulle[8] æ^ Nestrove \�E|, JÑ
E,ÝǑ O(1/k2) �¯�S�Â K��{ (Fast Iterative Shrinkage Thresholding Algorithm, FISTA); Jiao �< [83] æ^òÿE|, JÑ
�kòÿ�S�Â K��{, ¿Äu MIP ^��Ñ
�{�Ø�.�O.5¿�, ISTAÙ¢´�CFÝ�{ (Proximal Gradient Algorithm, PGA)A^u LASSO�.���A~. éueãEÜ`z¯K:

min
x∈Rn

F (x) := f(x) + g(x), (3.2)Ù¥ f Ǒ��¼ê, g �U´à¼êǑ�U�à, �)§� PGA S��ªǑ
xk+1 = Proxvg(xk − v∇f(xk)),Ù¥ Proxvg : Rn → Rn Ǒ�C�f, ½ÂXe:

Proxvg(x) := argmin
y∈Rn

g(y) +
1

2v
‖y − x‖22, ∀x ∈ R

n.e f(x) = 1
2‖Ax − b‖22, g(x) = λ‖x‖1 �, PGA =òzǑ ISTA. AO/, ØÄ:ëY (Fixed Point

Continuation, PFC) �{ [67] ¢SþǑ´�a�CFÝ�{. � g(x) = λ‖x‖pp �, ©z [64, 173, 192]Äu�C�f�O
�A� PGA, ¿/Ï Kurdyka- Lojasiewicz(KL) µe [2, 3] �Ñ�{��5½g�5Âñ�Ý. ,	, PGA Ǒ·^u|DÕ`z¯K. � g(x) = λ‖x‖qp,q �, Hu �< [72] A^ PGA�) (3.2), ¿Äu KL µeïá
 PGA ��ÛÂñ5�ÛÜ�5Âñ�Ý.

(II). �O���f{ (Alternating Direction Method of Multiplier, ADMM) �Ǒ�a2�^u�)�5�à`z¯K��{, ®�^u�)(�DÕ`z¯K [21,150,164]. éu�å`z¯K:

min
x∈Rn,y∈Rn

{f(x) + g(y) : Ax + By = b}, (3.3)ÙO2.�KF¼êǑ
L(x, y, w) = f(x) + g(y) − wT (Ax + By − b) +

β

2
‖Ax + By − b‖22,Ù¥ w ´�f�þ, β > 0 ´vëê. ADMM Ï~ò`z¯K (3.3) ©)Ǒü�f¯K5�O�),ÏL�½,�Cþ5�#,��Cþ, =©Oé y Ú x �O�4�, ÙêÆ/ªXe:

yk+1 ∈ argminy L(xk, y, wk);
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��u�: (�DÕ`z�.�nØ��{
xk+1 ∈ argminx L(x, yk+1, wk);

wk+1 = wk − γβ(Axk+1 + Byk+1 − b).e f(x) = 1
2λ‖Ax− b‖22, g(x) = ‖x‖1, (3.2) =Ǒ (1.4b), d�Ú\9ÏCþ y = Ax− b, (3.2) ��du

(3.3). �) (1.4b) ��5 ADMM S�üÑdXeFÝeüÚ!̂ K�ö�Ú�f�#5K�¤:

yk+1 =
λβ

1 + λβ

(wk

β
− (Axk − b)

)

; (3.4a)

xk+1 = S τ
β

(

xk − τAT (Axk + yk+1 − b− wk

β
)
)

; (3.4b)

wk+1 = wk − γβ(Axk+1 + yk+1 − b). (3.4c)

Yang �< [164]y²d�5 ADMM(3.4a)-(3.4c) )¤�S� {yk, xk, wk} Âñ� (y∗, x∗, w∗), Ù¥ x∗Ǒ (1.4b) �). Wang �< [149] 3ïÄ©ÙªÅìÆS?Ö�, JÑ^| ADMM �)`z¯K, ¿y²ÙÂñ�ÝǑ O(1/k). �D(©ÙØþ!½þ��,��ýé ��{3�5£8�.¥äk�p�è�Ly. AO/, e f(x) = ‖Ax − b‖1, g(x) = λ1‖x‖1 + λ2‖x‖2,1, Kong[150]æ^
�5z�
ADMM �)·ÜDÕ`z¯K (3.2), ¿y²é?¿�½��©:�{þUÂñ� (1.8) �). ,	,

ADMM �ǑO2.�KF�{ (ALM) �CN, �8I¼ê�à�1w�, Wang �< [156]ïáÙ�ÛÂñ5; �8I¼ê�à�, Jia �< [80] ÄuØ�.^�, ïáÙÛÜ�5Âñ5.

(III). ¬�Ieü (Block Coordinate Descent, BCD)�{ [22,122,162]´�a�)äkõ¬Cþ`z¯K�p��{,�2�^u?n�5�¯K.eòCþ x©¤ r ¬ xG1
, · · · , xGr , (3.2)�PǑ

min
x∈Rn

f(xG1
, · · · , xGr ) +

r
∑

i=1

gi(xGi), (3.5)

BCD �{3z�ÚS��, Åg�#¤kCþ¬ xGi . äN/, 31 k ÚS�¥, BCD �{�1 i ¬�#�ªXe:

xk
Gi

∈ argmin
xGi

f(xk
G1
, · · · , xk

Gi−1
, xGi , x

k−1
Gi+1

, · · · , xk−1
Gn

) + gi(xGi ).

BCD�{®�^u�)(�DÕ`z¯K,X3 f(x) = 1
2‖Ax− b‖22 �/e,e g(x) = λ‖x‖1,�) ℓ1�ê�Kz�. (1.4b) � BCD �{Ǒ:

xk
i ∈ argmin

xi

λ|xi| +
1

2
‖Ai‖22x2

i −AT
i (b − Ā·ix̄i)xi, ∀i ∈ [r];Ù¥ Ā·i Ǒ AØ�1 i���¤�Ý
, x̄i Ǒ xØ�1 i�©þ��¤��þ. e g(x) = λ‖x‖2,1, Qin�< [122] A^ BCD �{�)| LASSO ¿ïá
�ÛÂñ5; e g Ǒ SCAD ½ MCP v, BrehenyÚ Huang[22] æ^ BCD �{�)�A� SCAD Ú MCP �Kztµ�.¿ïá
�A�Âñ5, y²d BCD �{)¤�S�Âñ�Q´ÛÜ4��Ǒ´�Û�I��4��:. ,	, Xu Ú Yin[162]A^ BCD �{�)����à�Kz¯K, ¿Äu KL nØy² BCD �{�ÛÂñ�¯K��.:, �ïáÙìCÂñ5.

(IV). à��{ (Difference of Convex Functions Algorithm, DCA) ´d Pham Dinh Tao�< [90, 91, 119] JÑ��«ÄuÛÜ�`5^�Ú DC éónØ�`z�{, õ^u�)��å�
DC 5y¯K. ± (3.2) Ǒ~, eÙ8I¼ê F (x) = f(x) + g(x) �L«Ǒ 2 �à¼ê F1 � F2 ��,
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¥I�Æ : êÆ 1 54 ò 1 7 Ï= F (x) = F1(x) − F2(x), K¡ F Ǒ DC ¼ê. �) (3.2) � DCA äNǑ: 31 k ÚS�¥, (Ü DC5y�ÛÜ�`5^��éónØ, ^ F2 ���%C5Cq F2, 2éCq��à`z¯K?1�),S�Xe¤«.

yk ∈ ∂F2(xk);

xk+1 ∈ argmin
x∈Rn

{

F1(x) −
(

F2(xk) +
〈

x− xk, yk
〉 )}

.5¿�, DCA´�«�I�|¢�äk�ÛÂñ5�eü�{,¿�éu��� DC5y, DCAäk�5Âñ5; éuõ¡N DC 5y, Kä�k�ÚÂñ5 [91, 119].8, DCA ®�^u(�DÕ`z¯K. e f(x) = 1
2‖Ax − b‖22, g(x) = λ(‖x‖1 − ‖x‖2), Yin[167]A^ DCA �)Ø a�¥� ℓ1 − ℓ2 �ê�Kz¯K,¿ïá
�{��ÛÂñ5. e g(x) = λ‖x‖0,

Le Thi �< [91] �é ℓ0 �ê�Kz¯K (3.2), æ^ DC Cq�{, 3�½^�ey²
Cq¯K��¯K��d5, 9Ù�Û (½ÛÜ) �`)�m���5. e g(x) = λ1 ‖x‖0 + λ2 ‖x‖2,0, Bian �<
[94] �Ñ
·ÜDÕ�Kz¯K (3.2) � DC tµ�., ¿ïá
tµ¯K��¯K3�Û�`)e��d5. Gotoh�< [65]�é (3.9a),�Ñ
DÕ�å {‖x‖0 6 s}�°( DCL«,¿æ^ DCA�).

(V). S�\�a�{ (Iteratively Reweighted Algorithms) ´�a·^u�)`z¯K
(3.2) �p��{, ��^u?n g �à��¹, e¡± g(x) = λ‖x‖pp Ǒ~5�m0� (0 < p < 1).S�\� L1(Iteratively Reweighted ℓ1 Minimization, IRL1) �{ [30, 35, 36]|^#\��g�, Ä��yé�þ¥��©þ�¨våÝ�u��©þ, lk�;� ℓ1 �ê�LÝ¨v5, ��Æ/¨vS��þ¥����. 5¿�, \��ªØÓ, IRL1 �S��#üÑǑk¤ØÓ. é
g(x) ���1wz?n, k

min
x∈Rn

f(x) + λ

n
∑

i=1

(|xi| + ǫ)p, (3.6)Ù¥ ǫ > 0. �) (3.2) � IRL1 ��«S�üÑXe¤ã [36]:

xk+1 ∈ argmin
x∈Rn

{

f(x) + λ‖W kx‖1
}

, (3.7)Ù¥�Ý
 W k = diag(wk
1 , · · · , wk

n) � wk
i = p/(|xk

i | + ǫ)1−p(i = 1, · · · , n).5¿�, � wk
i �±��/ëY�O�"©þ� �. ����"©þÏ~�k�U�£OǑ�"�, ��ù
 ��£O, �A��Ò¬ü$, ~�Ù¨våÝ, ?�(¯�O(/£OÑ�{����"�©þ �.3 IRL1�zgS�¥, (3.7)¢SþÑ3�)��à�\� ℓ1 �ê�Kz¯K.

Chen[36,½n1,½n4]y²
d IRL1)¤�S� {xk}´k.�,�TS��?¿à:Ñ´`z¯K (3.6) �½:. 3A½«�S, (3.6) �½:´Ù�Û���), �3�½^�e, IRL1 äkCq�5Âñ5.S�\����� (Iteratively Reweighted Least Sauqres, IRLS) �{ [40, 88] Ǒ´�«²;�S�\�a�{. 3 f(x) = 1
2‖Ax− b‖22 �/e, é g(x) ���1w g(x) ≈ ∑n

i=1(x2
i + ǫ2)

p
2 ,

Lai �< [88] JÑ IRLS �{, ÙÌ�S�L§Xe:

xk+1 =

{

x ∈ R
n : λ

[

pxi

(ǫ2k + (xk
i )2)1−p/2

]

16i6n

+ AT (Ax− b) = 0

}

,

ǫk+1 =min{ǫk, λr(xk+1)s+1}.
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��u�: (�DÕ`z�.�nØ��{Ù¥ s Ǒý�O�DÕY², r(z) L« z ∈ Rn �©þUÙýé�üSü���¤��þ. Äu RIP^�, Lai �< [88, ½n2.2] y²� δ2s < 1 � ǫk → ǫ∗(k → ∞) �, d IRLS )¤�S� {xk} �3Âñf�. AO/, � ǫ∗ > 0 �, ?¿Âñf��4�: xǫ∗,λ Ǒ (3.2)3 ǫ = ǫ∗ ���.:, � xǫ∗,λ �ý¢ s- DÕ)�m�Ø�.Ǒ O(
√
λ) + O(σs(xǫ∗,λ)2)3).

3.1.2 ��tµ�{�CÚî.�{ (Proximal Newton-type Algorithm, PNA) ´�aòÚî{�2Â�C�f(Ü��{, �w� PGA ���ò�, ��d Lee �< [92] 3�)àEÜ`z¯K (3.2) �JÑ.äN/, PNA k|^2Â�C�f(½|¢�� dk, ?|^£�{À�Ú� vk, S�L§Xe:

dk = ProxHk
g (xk −H−1

k ∇f(xk)) − xk;

xk+1 = xk + vkd
k.

(3.8)ùp Hk = ∇2f(xk) Ǒ f 3 xk ?�°lÝ
, �2Â�C�f½ÂXe:

ProxHg (x) := argmin
y∈Rn

g(y) +
1

2
‖y − x‖2H , ∀y ∈ R

n,Ù¥ ‖x‖2H := xTHx, H ∈ Sn++ é¡�½. �Úîaq{, PNA äk�gÂñ5. e� Hk Ǒ ∇2f(xk)�Cq, (3.8) �¡Ǒ�C[Úî�{ (Proximal Quasi-Newton Algorithm, PQNA). d�, e Hk �ÛÉ�k., PQNA äk��5Âñ5.8, PNA ®�^u�)(�DÕ`z¯K. ~X3 g(x) = λ‖x‖1, f �������½Ü6£8���, aqu FISTA, Ghanbari Ú Scheinberg[63] JÑ
\�� PQNA �)à�Kz¯K, ¿y²e Hk ÷v,
b�, �{�Âñ�Ç��� O(1/k2). ,	, � g(x) �à�, Rakotomamonjy �< [125] ò DC µe�Úî{�(Ü, JÑ
 DC CàÚî{�) (3.2), ¿y²d DC CàÚî{)¤�S��?¿4�:Ñ´ (3.2)�½:. KanzowÚ Lechner[84]JÑ
�°(�CàÚî.�{,¿y²T�{��ÛÂñ� (3.2) �½:.

3.2 ℓ0 �ê4�z�{�!�é8I¼ê (½�å) �9 ℓ0 �ê�(�DÕ`z¯K:

min
x∈Rn

{f(x) : ‖x‖0 6 s}, (3.9a)

min
x∈Rn

f(x) + λ‖x‖0, (3.9b)0�Ù������)�{. AO/, 3 3.2.1 !, ·�± f Ǒ������Ǒ~0�äN�{.

3.2.1 ���8�{
(I). ����Jl (Orthogonal Matching Pursuit, OMP) �{ [130, 140, 142]´�aÍ¶��8�{. äN/, OMP �{3z�ÚS�¥, Äké�a�Ý
 A ¥��í� rk+1 = b − Axk

3) σs(·)2 Ǒ 2.2 !¥0���Z s-DÕ%C.
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¥I�Æ : êÆ 1 54 ò 1 7 Ï��'���, ÙgòT�éA��I¿\| 8 Sk, ?��#�| 8 Sk+1, ��3 Sk+1 þA^�����# xk+1, S�L§Xe:

i = argmax
i/∈Sk

|〈Ai, b−Axk〉|; (3.10a)

Sk+1 = {i} ∪ Sk; (3.10b)

xk+1 = argmin
z

{‖Az − b‖2, supp(z) ⊆ Sk+1}. (3.10c)5¿�, OMP �{{'p�, �duí��®ÀJ��´���, S�L§¥Ø¬ügÀJÓ��,ÏdS�gê�õǑ A��ê;�du Sk+1 �S�ÅgO�, OMP�{�{gÄ
�S�¥�UÑy��I�Ø.8,Äu MIP ½ REC^�, Cai�< [25]y² OMP�{±�pVÇ°(£ODÕ&Ò�| 8. Äu RIP ^�, Zhang[177,½n2.1] y²d OMP �{)¤�S�S� {xk+1} ÷v
‖xk+1 − x̄‖2 6

√
6ǫt(x̄)/ρ−(t),Ù¥ t ∈ N � S �', ǫt(x̄) ´��FÝ�`~ê, ρ−(t) ´��rà~ê. AO/, OMP �{Ǒ�^u�)|DÕ`z¯K. Ben-Haim Ú Eldar[9] A^ OMP �{�)|D`z¯K, ¿Äu GC ^�,�Ñ
| OMP �{)¤�S�S��Ø�.�O.Ø æ���Jl (Compressive Sampling Matching Pursuit, CoSaMP)�{ [112]ÏLòæ�E|� OMP �{(Ü, ¢y
é OMP �U?, ÙÌ�S�L§Xe:

y = AT (b −Axk);

T = supp(xk) ∪ supp(y2s);

z = argmin
x

{‖Ax− b‖2 : supp(x) ⊆ T };

xk+1 = argmin
x

{‖x− z‖ : ‖x‖0 6 s}.5¿�, 3zÚS�¥, � OMP �{�gòeI¿\ supp(xk) ØÓ, CoSaMP �{k��
| 8�|¢�� (#�| 8 T �ÄêØ�L 3s), 2|^����¼�Cq), ���3Cq)���
s �©þ. ù�Uk�;� OMP �{�{gÄ
�S�L§�UÑy��Ø�I, Ïd, CoSaMPä��½�| 8g·
�Å�Uå. 8, Äu RIP ^�, Needle Ú Troop[112, ½n4.1] y²d
CoSaMP )¤�S�UÂñ� (3.9a) ��`) x̄, ¿�Ñ
�ö�Ø�.�O. äN/, e δ4s 6 0.1,d CoSaMP )¤�S� {xk} ´ s- DÕ�, �

‖xk − x̄‖2 6 2−k‖x̄‖2 + 15‖e‖2.���g·A�8�{ (Adaptive Forward-Backward Greedy Algorithm, FoBa) ´d
Zhang[176] JÑ��«äkg·
�Uå��{, §(Ü��8�{Ú���8�{, ?�ÚU?
 OMP�{. äN/, FoBak�1�Ú,= OMPS�Ú (3.10a), (3.10b)� (3.10c)5V\#��I8. e

δk := ‖Axk−1 − b‖22 − ‖Axk − b‖22 6 ǫ,K�{ª�; ÄK, - k = k + 1,�1��Ú. äN/, O� jk = argminj∈Sk
‖A(xk − xk

j e
j) − b‖22, XJ

‖A(xk − xk
j e

j) − b‖22 − ‖Axk−1 − b‖22 6
1

2
δk, (3.11)
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��u�: (�DÕ`z�.�nØ��{K- k = k − 1, �É��Ú5íØ�Ø�I, ¿3#�| 8þ�#S�:

Sk = Sk+1\{jk+1};

xk = argmin
z

{‖Az − b‖2, supp(z) ⊆ Sk}.

FoBa ÏLg·A5KÚ (3.11), íØ�Ú|¢��Ø�I, ?1g·
�; �Ö OMP �{�Øv�Ó�, ǑU«
 OMP �{!��8�{����8�{�¯�p�5. d	, Äu RIP ½ SEC^�, Zhang[176]y² FoBa ±pVÇÂñ� (3.9a) �).

(II). S�MK� (Iterative Hard Thresholding, IHT) a�{ [16, 17] ´d Blumensath Ú
DaviesJÑ��a^u�) ℓ0 �ê�å`z¯K (3.9a)�K�S��{, ·^u�)�5�¯K, ÙS��ªǑ:

xk+1 = Hs(x
k − vAT (Axk − b)),Ù¥ Hs : Rn → Rn ǑMK��f, é�½� x ∈ Rn, Hs(x) �=�3 x ¥ýé���� s �©þ, Ù{©þǑ 0.

IHT� ISTAg�aq,3zÚS�¥þkéêâ[Ü��FÝeü,2ÏLK��f�# xk+1.�ö�ØÓ3u, ISTA¥�K��fǑ^K��f,  IHT¥�K´MK��f. �� ISTA, IHT3S�L§¥Ø¬~�ÚUC xk ¥�é���©þ�. BlumensathÚ Davies[17,½n4]y²e ‖A‖2 6

1, d IHT �{)¤�S� {xk} Âñ� (3.9a) �ÛÜ4��, e δ3s < 1/
√

32, K
‖x̄− xk‖2 6 2−k‖σs(x̄)2‖2 + 6ε̃s, (3.12)Ù¥ x̄ Ǒ (3.9a) ��`), ε̃s = ‖x̄− xk‖2 + 1√

s
‖x̄− σs(x̄)2‖1 + ‖e‖2.aq ISTA, Äu IHT �{Ǒû)
Nõ\��MK�a�{, ~X Blumensath Ú Davies[18]æ^g·AÚ�üÑ, JÑ
5��S�MK� (Normalized Iterative Hard Thresholding, NIHT) �{,¿Äu�é¡� RIP ^�ïá
 NIHT ��Ü5nØ; Blanchard �< [14, 15] ^�ÝFÝ�O IHT¥�FÝ, JÑ
�ÝFÝS�MK� (Conjugate Gradient Iterative Hard Thresholding, CGIHT) �{, oäFÝeü{�$E,Ý5��ÝFÝ{�ìCÂñ5.MK�Jl (Hard Thresholding Pursuit, HTP)�{ [56]d FoucartJÑ,´ IHTÚ CoSaMP�{�|Ü. äN/, HTP �{kò¥mS�: yk+1 � s �©þéA�eI(½Ǒ| 8, 23| 8þA^�����# xk+1, ÙS�L§Xe:

yk+1 =xk − vAT (Axk − b);

Sk+1 =supp(Hs(y
k+1));

xk+1 = argmin
z

{‖Az − b‖2, supp(z) ⊆ Sk+1}.Äu RIP^�, Foucart[56,½n3.5]ïá
 HTP �{�Ø�.�O,y²� mδ3s < 1/
√

3m �, HTP�{)¤�S� {xk} � (3.9a) ��`) x̄ kXe'X:

‖xk − x̄S‖2 6 ρk‖x0 − x̄S‖2 + τ
1 − ρk

1 − ρ
‖Ax̄Sc + e‖2, (3.13)Ù¥ ρ ∈ (0, 1)Ú τ > 0Ǒ� δ2s �'�~ê. '� (3.12)� (3.13), HTP�{Ø��Ib� ‖A‖2 6 1,�é RIP ���Ǒ�°
.
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¥I�Æ : êÆ 1 54 ò 1 7 ÏCA, Zhao�< [185,187]JÑ
�a�` k K��{,§3�y�{�1K�Ø �Ó�,�U�y8I¼êeü. Äu�` k K��Kz�.���Cq, Zhao Ú Luo[188] �JÑ
�ag,K��{, ÙO�¤�wÍ$u�` k K��{.

3.2.2 ���8�{
(I). ÄuÚîÚ�S�MK� (Newton-step-based IHT, NSIHT) �{ [109] d Meng Ú

Zhao JÑ, T�{òÚîÚ� IHT �{(Ü, �±�)DÕ�å�����¯K, = (3.9a) ¥�
f(x) = 1

2‖Ax− b‖22, ÙS��ªXe:

xk+1 = Hs(x
k + v(ATA + ǫI)−1AT (b−Axk)).� A ÷v δ3s < 1/

√
3 ��Ù��ÛÉ� σ1 ÷vA½'X�, d NSIHT �{)¤�S� {xk+1} ÷v

‖xk+1 − x̄S‖2 6 ρk‖x0 − x̄S‖2 + τ‖Ax̄Sc + e‖2,Ù¥ ρ ∈ (0, 1), τ ´� ρ, σ1, ǫ, v �'��~ê [109, ½n4.1]. d	, Meng Ú Zhao �òÚîÚ�
HTP�{�(Ü,JÑ
ÄuÚîÚ�MK�Jl�{ (Newton-step-based HTP, NSHTP),¿ïá
� NSIHT aq�Âñ5(J.

(II). �8ÝKFÝÚî (Greedy Projection Gradient Newton, GPGN) �{´d Wang �< [155] JÑ��a���{, §òÝKFÝ{ÚÚî{�(Ü, �^u�)DÕ�å�Ü6£8¯K, = (3.9a) ¥� f ǑÜ6£8��. äN/, GPGN �{k�FÝeü, 2�DÕÝK, S��ªXe:

x̃k+1 = PS(xk − vk∇f(xk));e supp(x̃k+1) = supp(xk), K3 x̃k+1 �| 8þO�ÚîÚ, P S̃k+1 := supp(x̃k+1), �-
x̂k+1

S̃k+1

= x̃k+1

S̃k+1

− (∇2
S̃k+1

f(x̃k + 1))−1∇S̃k+1
f(x̃k + 1);ÄK, xk+1 = x̃k+1; ��, XJ f(x̂k+1) 6 f(x̃k+1) − 1

2‖x̂k+1 − x̃k+1‖22, K xk+1 := x̂k+1, ÄK, xk+1 :=

x̃k+1. Wang�< [155]y² GPGN�{äk�ÛÂñ5ÚÛÜ�g/g�5Âñ5. ØÓu¡0�����{, GPGN �{3| 8þO�ÚîÚ, �k�ü$O�¤�.�é�. (3.9b), � f ǑÜ6£8��, �K�Ǒ λ‖x‖p,0(p > 1) �, Zhang �< [174] 3õ��DÕÜ6£8�µe, JÑ
 ℓp,0- CàÚî�{ (ℓp,0-PNA), Ú\r α- ½:ǑxÙ��Û���
(½ÛÜ4��) ��d5, ¿y²
 ℓp,0-PNA �ÛÜ�gÂñ5.

(III). ÚîMK�Jl (Newton HTP, NHTP) �{ [190] ´d Zhou �<JÑ��a���{, §ò��ÚîÚS�� HTP �(Ü, �^u�)��� ℓ0 �å`z¯K (3.9a). äN/, ÏLÚ\ η- ½:=÷v x ∈ Ps(x− η∇f(x)) �:, ò (3.9a) =zǑ�)eã��5�§
Fη(x; η) :=





∇T f(x)

xT c



 = 0, ∃x ∈ T (x; η), (3.14)Ù¥ T (x; η) := {T ⊂ [n] : |T | = s, T ⊇ supp(z), ∃z ∈ Ps(x − η∇f(x))}. 3zÚS�¥, NHTP ÄkÀ� Tk, �Xé��5�§ (3.14) A^Úî{¿3 Tk þ�1ÚîÚ, edd���Úî�� dkN ÷
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��u�: (�DÕ`z�.�nØ��{veüØ�ª, KÀJ|¢�� dk Ǒ dkN , ÄKÀJ dk Ǒ��FÝ�� dkg ; ��ÏL3 Tk þ�1
Armijo �|¢, ?1e�gS�

xk+1 =





xk
Tk

+ αdkTk

0



 , α > 0.Äu��rà5Ú��r1w^�, Zhou�< [190,½n10]y² NHTP äk�ÛÂñ5��gÂñ5.

4 o(��"(�DÕ`z¯K�êâ?n���', 3&Ò?n!ã��Æ!ÅìÆS!)Ô�Æ�A^+���
é��¤õ, Úå
�.�2�'5. �©�éDÕ`z�|DÕ`z�Ä��.!�Ü5nØ��)�{?1
Vão(, é·ÜDÕ`zÚéÜDÕ`z�ïÄ�
{ü0�, ±BÖö¯�
)(�DÕ`z��'SN, ?�Úm�(�DÕ`z��'ïÄ.(�DÕ`zu��8, Ǒ,È\
´L�ïÄ¤J, �Ekéõ¯KÆ�)û. ~Xyk��{�õ´���{, XÛ�Op�¯�����{; XÛ�é¹�å�|DÕ`z¯K?1�{�O9ïáÂñ5nØ; XÛ�é·ÜDÕ`z¯K?1�{�O��); �àDÕ`z�{Âñ��Û�`)�úm¯K; XÛJÑ�f��K5^�±�y°(¡E��Ü5nØ; XÛ�é$�Ý
�$�Üþ`z¯KïÄ�Ü5nØ, �Op��{�¯KÆ�)û.��ë�©z
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Theory and algorithms of structured sparse optimization

problems

Yaohua Hu, Yu-Fan Li, Yanyan Liu & Jing Qin

Abstract Structured sparse optimization is one of the most popular research topics in optimization, which has

been widely used in in a wide range of fields, such as compressed sensing, signal and image processing, machine

learning, and biological sciences. In this paper, we first introduce the development of sparse optimization, group

sparse optimization, mixed sparse optimization and joint sparse optimization in recent years. We then summarize

the theoretical studies and optimization algorithms for structured sparse optimization, including the consistency

theory of convergence theory. Finally, we also propose some interesting and important problems in structured

sparse optimization that are worthy of further investigations. Generally speaking, a great deal of efforts have been

achieved in the development of structured sparse optimization; however there are still several important problems

to be resolved.

Keywords sparse optimization, group sparse optimization, consistency theory, first-order algorithm,

second-order algorithm, convergence theory

MSC(2020) 65K05, 49M37, 90C26

doi: 10.1360/SSM-2022-XXXX

27


