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PRAAR (53,61, 104] SEFHRGUE A TR FURA . TRAEBORN B 1S 1 HEA: B AL GERAEBOR 1 R IR 1A,
B R F a6 (5 S (BIR) i e Rt Ve, Uy DL AR D X SRAE B R B R R AR 5 5 (BB, XA
A/ T RAE B R, I KK BEAR T AL B TR AR B IR

giramn AR R A B BTSSR TR AU R, B e SR OE RN R G S R R, 1E
L1-1.4 5, AR AN ARG AR R R A M S IR 5 IS M I A L.

1.1 R IER

FEAR 2 SEBmA) i, e 445 5 el [ 24 A0 P W W] AR S 9 i B AU i P ), 3 T ] DA e
AEWIMME YRR, BRI AT 7R A sRAR AN T 2k 77 RE 4L o fige:

b= Az +e, (1.1)

Heif b e R™ MM EE, A e R FERAIERE (m < n), z € R* ZJRIHES, e € R™ e A&,
HT m < n, KELETERH (1.1) ZIRER, FAELT 2. MU, BEEM R0 BB s
o2k, (1.1) AA7EA 0. RPN SRR S, RN R o YaER/Mb n

min {2l : Az = b 5 || Az — b]s < <}, (1.2)

Hrt e > 0 ZMEFAKCE, [of, Fm o FARFTLRINEL, WHEEN 6o EED, Tnr CLZm ) & 1
BB, R, 5 (|zllo < s, WIFR 2 4 s- MBS 5. AW RIME B SE 3005 B M /A A AR, AT Bt
R Lo YEEUENAL FEOR K R MRS 5

.1 2
min £ 4z — b3+ ]l (1)

Hef X > 0 NIENAEZS %L, FT-1 R G EE & RAER T S5 R R TE. o YRR MERR (1.2)
5 o JEROENAG R (1.3) 35952 NP- HER [1,111), ERERAERAE. ysRARIZPIIEI0)8, — s 6o Ja%
BEATRASE, ¥ (1.2) 5 (1.3) FeAb N TR 5y TSR AR ot i 7L

m%&n {®(z): Az = b B ||Az — bl|2 < €}, (1.4a)
zeR™

o1 2
min o [|Az — b[5 + AP (x), (1.4b)

HAPMEiE SR © :R™ — R & o JOEIRA i, SRRy 1 6 L.

BT 0 JEBUE (o VEBE AL ER A B I AL, 5 T £y YEEUR S £ JERL, B ®(z) = ||lzf|y o=
Sy |zl B (1.4a) 5 (1.4b) BN 6 YEERAMETAE S ¢ YEBOENL T, ¢4 S 80E AL
RN Least Absolute Shrinkage and Selection Operator(LASSO) #57 [139]. 1§25 ¢, J8EUH™
P, PRIESRAE 0 YEEA 50 R EARAS AT AT, FE T 0 YEBUAEILALIT FE 83 2] 20 4TS 90 4K, K
FASR R BARTE BT 5 AR AL AR E S K e, CAMIIBH TE 5 5 BB [8,146]. AEVEB¥
[133,166] FITHSLHLALH [160].

FT 0 JEBIR AT 7T RIS TR K T, (BT B M SUERT FER B 60 JEE MR
BRI S ERNR, O B S TR A E T TR E, (S A mZE [31,52,57,108],
FEILIE R FH il o o S EBUR R AR M B E [175). BFFCRIN, BER AR AL bR BU b ¢o YEB0AT LIS 2
1) Lo EHE ¢, TEELSLPR FIFARTEH, Hg—Fhmfik.
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b 6 VERCERMER I BN, T 0,00 < p < 1) V¥ ! FATh 4o YUEL B @(x) = |Joflp == D20 |2,
BACKE, p (HH/N, ¢, JEBURAEZERETEE, 37 H limp_o ||2]2 = [|z]lo, limp1 [|z]|2 = ||lz|1. AL L
K&, 6, WHLL ¢ ECRA R EN R EI S, EERIIIFA N HAESRERFKE [77,103]. A
BB FoRE, ¢, JEEIENAGAREG ¢4 FEEOEN Bt B AT S8 58 AR 5 3 1%, B RE AR UE M EE > R
DAE P [36,71,72,151,163]. Renllith, 2 p = 1/2 I, B2 TEEPIRFEMIZE W TR 012 JEEL
BN R AE A i X B Re RIS L ¢y YOEUE ALY S8 nT SE AR [70, 72,120,121, 152].

() ATHO R A8He 04 703 6 G BT A%l ZE (smoothly clipped absolute deviation,
SCAD) FItle/Mlz KM} (minimax concave penalty, MCP). Z81BL ¢, Y5, XJH A, 284 ¢4 733l ¢ bb
¢ VEHCEAT SRS S (30,105,113, SCAD 5 MCP fEifeff f B BN AR T ¢ WAL
Aad EE w2, BT CAEI T AR sk FE S b vh, B ARGt [52,171]. DA B FA G R 3L
IR (z) = S olen), ol o(t) - R — R B RAHCE R IR 1 B

|1 H LN ot R K

T it R £ o(t)
(,[85,139) It]
0,[31,57,163] |t|P
XHAN [30] log(!4 4 1)
AN T|t
A 04[113] o
4330 01[105] Sl
At, E R AP
SCADI[52] ZMAEED) M\ <t < TA
A;((:iz)l), Mt>TA
M- <A
MCP[171] 2
%T)\2, Mt >TA

S iR b R Hoh, T HE AR R BB AT T R, FE T AR st e B @ (R T R
[19,20,117,138] 7E3 2945 . BLAh, F T EAR M T Bt 515 TIRZ K, T AR MR @
PO 7 111 R BORT 2 B §1) B AR LR 2. 5, = @ U 4 YREON, o) 6 STRRONEES LASSO, B
FESR IS G5t AT IZ AR [ i 7= A AR T 00 VB [102], B TR BES: 31 U [170]; 25 @ I
AN TR R A ot R BRI, A S ) i 28 31 pR O 1 ik 2 [81], BRIKR S EEE (114,118,

2) R Il TR {o(ta)] 1= Lo} H 0 KIITE.
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w2 ORI T e KL

EE o)

HeFF 1 [19,20,76,117,138] Ailelgi
- 0, M1<i<s
#4341 10,102,170

8T [81,114,118,175] min(, |¢|(;)

— kU, R 1FIER 2 PSRBT B, (BEER MR, XTHET SR, S5 SUT
B AN} TTH R HEEBIRS, b A HE R T B BOR AT 20 5. IR RN B 23 e 45 B R 15 5, AR SE A
FPiiAH L LASSO YR HEREHE LT [76]. 1M M1 SHUTH (N} 6B PHES, BRI A E 2 Fio 45 1 ik
M55 B [19,20,117,138), HEF 6 TIHTTEEE S LASSO KAEFHFE. HeAk, IEFRAATH 1 — Lo
THEREL (B ]l — [l]|2)[51, 100, 167) A £1 /0o THEREL (B [[]|1/x]|2)[69, 78,124, 148] HJHAT AR 738
SE. 0 — 0o TR Esser 25N [51] $2H, RAIWFRARAEHLL ¢ JOERA EROMIEE S, &
PRI T G 2 . RS IR LR A% S5 405k (100, 167). 44 /62 Tl 8- Hoyer([69] $#2H, AH
REEARZSNE [78], BLNATEE [RAEF [87,128] MIFSERIER: [79,123] Z4508k 5 % .

1.2 ARBIRMHER

M RAAE N — R EZE QMR E, C2B3) 7T Z KR, BEE R, SEFR )
Bl T AT AR ORI, SRR . RSB TR A R B E AT g, BRI 2y
BEACNFEARTARE, HAFFE RS . I F R B 25 b A5 ] DA PR e A
WK R T 5 OREAS S, HEMTIA R4 (K B RE. LAk, AR Ak 5 72 C s Th B T 48 it 2 X
[74,181]« HLEST [131,175] EMRALFE [101,154] A5 B2 [115,189] FIMFA ALY [66] 4T,

S x=(af, a2l )T e R, Hob {Gy, -G NERRREE [n) = {1,2,--- 0} A0
B GNG =0 HU_,Gi=[n]. Hi=1,2,--,r i, it zg, € R N x X B FFRAE G IR
s, ERE 00 =0, W = MAMELTERTH £,4(p > 0,9 > 0) JEET &

, )
<§m@m),q>&
2

T

> ol a=0
2

KA, Nlzllpo = ll2llz0 RAIFHE. = p = ¢ W, |zlpp = lloll,. 535, Fr = n B, XHERH
p>0,q0>0, 0, VWERIY 0, 65 R0 1.1 R o YRR g tE, FATRT LRI £o,0 EEORZ]
RGHRNE, HETI 5 EE N IR £ o YRR MU £o o YEROENIAL L

min { o]y : Az = b B | Az — bll> < =}, (1.5a)

[2llp,q =

. 2
min |4z = b} + A1l (1.5b)

SEBRT || - [l2.0 IHAETER, ERSRAFAMBALF (1.5a) 55 (1.5b) BOYHHE. R b
e, BATH IS T A st

min (@ (g, [,) : Av = b B [| Az —b]l2 < e}, (1L.62)
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Inin 1Az — bll3 + A®([|zg. 1), (1.6b)

He @(||zg |l,) WAMBEFRE, € ¢, CEZIEHNEE LR, RAMGTE |2, KA. 24 o
B 0y YOECH p = 2 B, HRIIY o JEEEMEAE B Yuan F1 Lin[168] fEWHF G024 I 4 AR &
PR AR, B 6 JERUENE R ARG R HET, B F o4 LASSO #E. MIELT LASSO
B, Huang F1 Zhang[75] KA LASSO AEAUFE AL FLH & SR A M 45 440 145 5 I R RE SR ILAL T LASSO,
A DL Z s DRSS TR AR, 2 @ B €, Y88 (0 < g < 1) H p > 1 B, MHRIAEN ¢, 4 JEEK
IENHAR AR Hu 55N [72] R T BRI M 2%, JETCRIN €, 12 JEBOE NI IRV R BE S5 R
PR BIEAL T41 LASSO.

ETARN T BRI T RAFIVERERIL, BR €, YERUON, HATE MR AE N 297 B 5
W, Flindl SCAD[23,73,93,153,158], 41 MCP[23,73,93,158] 54 36 1§71 pR ¥ [118,178] 5. ##
BT LASSO, FETFEPSRIA AL RERRT ST A SEIER] 741 SCAD {1RI4L MCP il BA S5 i
THERTE (23], T G EE g A B R 70t 3% I 4 5 280 71 bR B ] DASR AR 58 SR B XA (118, 178).

1.3 RAWRRMNHEER

BRI S ARG DA IS 1 5, (LS Ba rd f  f1 Ae A AE e L AR 1 AN ZL
L, 91 G DR HE W [0 2% 1) P AR AL AR RE (72, 134), 22 020 SR R ARV I 41 R M
Pk [147). 9 7N A NG TER AL MR E, o725 R8N R IR A R LR AL 2R

. 2
min [|Az = bl + A1 [l2llo + Az |25, (1.7)

Hei A, A >0 NETISEL 24 0 =0 8, B8 (1.7) BICAAR B IENLEAL (1.5b); 24 Ay = 0 B,
PR (1.7) SRR IE AR AL (1.3). &FXPHEAL (1.7), Yap 25N [165)BEit T JF S g AR 3 {1 57
%, RGN T B R RS K E . Bian 5N [94] KR (1.7) T AOEE LA TN E — R
MR, R TR ZE BRI T R A

KT SR ERAC D FA S SIS, Friedman 25 A2 BIFH £, JEEON 0o, JEEATRA D,
HRTIR -1 IRAFRETIENEELRY [60,134]:

. 2
min [[Az —bll; + A [Jzf|; + A2 [|zfly; (1.8)
rER™

CAPFCARAFRBT LASSO 74, A1 LASSO #AL, JRA BT LASSO 74l LLA e AR iEA AR &
AN B AR AR )X — SR BRI, FLA 2 LASSO B g A 41 N B i R . VRS R LASSO
FEA 2 DSR2 7T 2 (ST, Simon 25 [134] 75 5L K ZRIAHF 78 il it L LASSO. 41 LASSO
S5IREMH LASSO HITUIMAER:1E, ik /R -SME LASSO BN & AP, Vincent I Hansen[147]
KR AR LASSO #iMIE Fl &3 T 2 o AR () 0 2 ) B, IR TR A Rt LASSO 402281
PEREIA EAL T2 70 LASSO. shAh, 8 (1.8) B N T AR TN [33]+ AN 2 B IR IE L 3
[161] 5 HARIERS [191) S48, HRG, SR (1.8) MISIVEMIEARAR S [60,89]. A2 B M B
P9 [136] el A Rk W H ik [180] 5LV B Mg ik (7] &

FHECAE M RA SRR BRI S AR B AL P T2 R S RN, B RS TR A R B LA A
st RS 5 RV /D, A EASRAEIX — 77 I e AT SEIR N AT 7.
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1.4 BEHmBRMIIEE

(DB 1.1-1.3 75, AREARAABEAY | 2R B 0 AR RV A s i 0 A ASE 2R 350 38 1 B — UL (26 A T i
WE [29,43], MLESZPRMN A, W SRR A € R 3 L2MES 21, -+, 2 FIRSUCEEN EAE
by = Azy, -+ by = Az, ot @y, - o € R LR ) SCHRER, BOPRONIBRG Wit Im) . 22 DN ) 8 1)
MR ARAL )RR A PR OB & M A0 A Tl R, 0] DU [ S P R B PE R R L AME T 2, -, 3
ST MR E Re IR THRE . BCE MBIk in B E S HH AR, T2 N FH T % 25 B 2 ) J 1)
B N2 AL IKRERE T [34,37,110,145)« ZAESHERY ) (4] ZIEIEE TR [50] A7 A7 2% 4 2%
5 [126) 4.

EREME @ AR R A B = AX, Kt B = (by, by, ,b) € R™! NEFE, X =
(z1, @2, @) € R — i, RBERE X i s ITMmilE, Bl X MR BT . K0
1.1-1.3 77, WA AR ot i) SEARL, 5 R8T SR B A5 W A A Tt SR

min {IX]}E, 0 B = AXS B - AX|r <c}, (1.92)

i B—AX|% + M| X 1.9b
Join | 1%+ AIX]| (1.9b)

p,q’
HA || X p = (2752, X2)'/? 378 Frobenius YA, X |12, == 20, [ Xoll§ Fom X HRE £, 1EH
(p=>1,¢>0), X 79X M5 i TH (|1Xa ], = (), 1Xi(7)1/P.

AT, BEA R B LA S B 18 5 SRR T 32 AR TR 7R kAt 7 T 298 E, Chen Al Huo[34] F£
T spark ZKAFETCMEIGE FUEBVR G €11 JOEUPA TR (1.9a) RIRERfAVK R BCAFRER L0 in) 8 52
fift. Troop 5 A [141,143] FETAHTHEFAF, FEEMRIGTE R A TIRE loo, JEEFATBAIAL (1.9a)
e (1.9b) Wil 586G FREL AL v BB SEAR I 1R 22 FUG TF. hab, 2B AR T 2 AR R [145] BRI
SEFRME [99,106] EANFT1E [47) SRRESN [41] SIEMMERAFESL TIRE o JOEUA TR (1.9b) 1
BRSO BER. BIE b, SREECE MR I S 8O A AR AR R Y L FR TR B0E 13,34, 141] . B
FRERERSE [116] MPEBI{E Landweber H9% [55]. WFCRUIAH AR ALAL, B0 Hmi D0 AL RE i 25 i
KSR SR IG5 5 B R RE AL

FEAEMRASE T TH, Cotter 25 N [38] #H T RMIB A £o,, JEBUATEAL (1.9b) B ELRE RS
REARFTE (0 < ¢ < 1), FHEHE A RS, Chartrand A1 Wohlberg[32] FEF1 SCH RIE K46 51
BT T ARG I A A Y HE A B U ST R AR Ling 25 A [98] I X HORI Hii
BRI HSURA LI 5 s LE U 1) R, IRt TR € 5 0o OB /IME T IS HOR . B AT, BCA
PR ARAL = PR ST AT AR A T A2 DB B, WA A RAEIX — 7 T 58 2 IO 7 R

NSO R SRR AR AR RN AR B R AR SR TR 48R, 32 B A SR (A A 1 B S R
fREVE. TE5E 2 1, AT ARSI S RS s AR (A A e, B A i S
KR EIR. 7E58 3 719, RO TSR MBI IR 1) 4 SRS, 36 4 TTRXTAR SO B
FSt AR AR .

2 tHEMEE

L1475 1.2 R SRR st A SR TT TR AR Lo 5 €20 TUEAR/IME (BRIEIAR) 140/, {2
FASHAR I ARk B AR S A R I BE - SR BB ALARE, DA RA st 2R Ry ik, BB A st A 2R SR A 1)
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IR FUSEMR 18] AR 22 08 5 BEOQUE M . A2 2.1 5580 2.2 75, AT 25 A AR LA
R rp 22 MR IR R 2% 1 S AR SO0 A T A A PR B8 72 2.3 91 2.4 715, JRATR 70 Al B ARG
DUAHAE L e DL AR IR 2% 1 B A 8 S0 T B S PR B R

2.1 MRIRMHRRAIIEN MR

XS MR A AT, R AR 2 A AT T T 0 A B g B M o, ORI AR AL IR A A 5 SR 5
Z A — 3, 3B AT F SR R B AR A Sk U Stk H ATIRAT B 1 U 2 AR B S EOANAE T (Mutual
Incoherence Property, MIP)[46]. PR#E|SFEAEIT (Restricted Isometry Property, RIP)[29]. #fiiHF1E
{21} (Sparse Eigenvalue Condition, SEC)[44]. FRHIFFIE(E 251 (Restricted Eigenvalue Condition,
REC)[11]+ p- BRHVEFIEE 251 (p-Restricted Eigenvalue Condition, p-REC)[72]« 4[5 (Null Space
Property, NSP)[58] . {HZ¥[E]4)ii (Range Space Property, RSP)[183] 5 [R il A i¥ [X-F (Restricted Invert-
ibility Factor, RIF)[172]. $ Nk, A4 H HARA4A.

ENX2.1  (MIP, [46]) # A = [A1, A, -+, A,] € R™™ S R HNIEAZAK, B ||All2 = 1,V € [n).
MIP 5@ ARB A FATIERH p 1R/, Horb g 58 LR

n=max| AL A,
MR 5 SCAT A, AT H ) T 5
EN2.2 (RIP, [29]) & A € R™*" A ] s- PRIEIZEEEE L 05 € (0,1) BN
§s :=min {6 : (1 - 3)||z[|* < [|Az[* < (1 +0)||z[|*, Vo € R" Hlz[lo < s},
BRI, FRAERE A W2 HHON 6, 1 s-RIP.
RIP il HE IS (6], (FE ] AT 5 5 o 1931 [26, TERT4.1). B4, s-RIP WM TR N
(58, 7E X2

0, = max AT A — 12
Lo [AFAr 113

RS, A R A SRR R e SR R AR R v SR DA v B 2 RIP([28,29,58]. BT AT A7 113
YRHIEAE 5 B R AE B A A X FR (R 22, Tanner 25 N\ [12] 32 4 T FEXTRR AR B o1 S5 5 1 R
ENX2.3  (AEXIFR RIP, [12]) & A € Rm™*n 58 XA PJAEXS FRIRHI SRR 2L s 5 85 73 91H

ax = min (e (1 = el < | Arl}, Vo € B Hllo < 5},
Bs = rgl>161 {e:[|Az|3 < (14 ¢)||z|3,Vz € R" H||z|lo < s} .
A, AEXFRAT R SF R o 5 B, AT HIEFIT RSN [5]:

i min ATA s — max ATA — 1.
Tg[g]l,llnTKs/\ (Ardr), B Tgm%gs/\ (A A7)

EN2.4 (SEC, [44]) & A e Rmxn # ATA [ s- S/MRBFHEME R T 0, B

os=1-—

T AT

. xt At Ax

i S):=— mim —-——
Gmin(s) lzllo<s zTx

>0,

TUFR A2 s- FRBRAFIEAE 21T
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W Gmin(28) > 0 AL, MZRNERG Az = b 1) s- FBifREME—1). WF AT A 1) 2s- S/ NRELRE
TEEAE (B ¢min(2s) = 0), WIHEDLM S WERULINAE Kk S H RN s- FRBi AR

EX2.5 (REC, [11]) % A cR™" s <t <n,s+t<nTC[n|, I(x;t) Fox o 7£ I¢ PHIHE
R ¢ NITERMIERSE. Wk
[|[Az|2
[z 7l2

o1(s,t) == min{ C|Z) < sy leze |l < |2zl T = Z(wst) UI} >0,
MIFR A WEERT (s,t) MIIRFIRFE(E LA

£ SEC KyFEat FIRH A RECH] LH RIP R4E [11], SRS IAERET =, REC Vi 2 [129).
T2 AR O i v B &2 REC 2138 ANH &2 RIP[127).

ENX2.6 (p-REC,[72) B AcR™™0<p<l,s<t<n,s+t<nTC[n], I(x;t) Fon x 7E I°
HHAERHER K ¢ DIURNTRPREE, Wik

| Azl
272

Op(s,t) = min{ Z) < sy |ezellp < l2ezllp, T = Z(x;t) UI} >0,
WFR AGHRRT (s,t) 1 p- IRIIRALE 2 AF.

p-REC ZIiH 1 AT A [REERI AL £, WHASF MR EE ERIEENE. AN, p i/, p-REC 55,
R,

1-REC = %—REC = 0-REC.

ENX2.7 (NSP, 58]) # N(A) == {x € R": Az =0} N A € R™*" [JE= ).
(1) SHERM S C [n] H |S] < s, WRIHMEREM v € N(A\{0}, #EH ||lzs| < pllese|ls &L, WALE
p=10 KAWL s- BEMER; 7€ pe (0,1) B, B A L s Farg ES a1k,
(2) AMEEM S C [n] H |S| < s, WRIMEER v € R, #H ||zs|l1 < pllrse|r + 7||Az||2 BAL, HA
p€(0,1),7 >0, MF AL s- BTV

4h4 NSP 5 X, 2RI NSP 4455 T RIP, V£ . [24,59]. Rehilih, 25 3 2.7(1) HH ¢, T3
N6, SEET, AH R IE U S A R p-NSP[179].

EX2.8 (RSP, [183]) WAXMEBAHZKTEWE 7,7 C [n] B |Z] + |T| < s, FAE n € R(AT)
fi

m=1Yiel, n=—1YieJ; |n|<1,Vi¢IUJT

JRAL, PR AT 32 s-RSP, Hort R(AT) Jy AT (P52 [A].

HERE], s-RSP 25T s-NSP[183]. 7F RSP HILhiti [, Zhao 2 NILHRH T 59 RSP 5 BR 55 RSP,
BEAIEST RIP 5 NSP[182,184, 186].

ENX2.9 (RIF, [172]) # ¢ > 1,£ > 0,8 C [n], BRE|IATHEPR T2 LW F:

[SIM9)AT Aullos

RIF,(&,S) = inf{ : P(use) < §<I>(u$)} .

mlullq

DL — S P A IE NI 26, eI ISR R 0 R s
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[183] [11,58] [72] [72]
RSP < > NSP < REC ———— > p-REC ——— > SEC

[11] H w [95]
26, 46]

RIP «——— MIP

2.2 BHHRMUERPEEMEERL

BT 2.1 WA SR IETIME SR A, FRATTAT DA AN 5] (124 st A 20 [ iR A S () A S R BE 1. 7 (kS A,
AWk 2 W2 b= Az +e H S = supp(z), xf M xf . 735108 (1.2) FETCMERIS BRISTE T 0w UM, 25
Ay o 73R (L4a) FETCWEANE B IE T 2 Rs U, 5 A g, 705008 (1.3) A (1.4b) K2R
e Fenli, FEEFBRIETET, 2 O(x) = ||l B, AHRAFATIRE (1.42) 5 (1.4b) B4 R 5
LA =7, 25\ FEAGHERIBE I OUN, ALK TT R ECRLUAL L. 34h, 3K 04(2), = infy.),<s 17 — 2],
Nz AE 0, JUEUR R E s- Mgl

(I). MARSIER 2T MIP 261F, Donoho %5 A [45] 1ERH T34 ||Z|lo < (1/p + 1)/4 B, £, JEEH/IN
AT AT G T RORS R T 2 45

4e?
\/1 — p(lzlo— 1)
£ RIP %fF, Candes Fl Tao[29] FETCMEIGTE N, BAL T 6 JEEARIMEIRERY ¢ JEER/ME R

FRATSEE, M2 05 + b2s + 035 < 1IN, 2 04 00 JEEUR/MU R ME — e LA 7ES RIS E T, EM
i—/l 535 +364s < 2 Hﬂ‘7 ﬁ

(2.1)

21, = Z[2 < O(e).

Cai Fll Zhang[27] IEMHY 6. < \/(t — 1)/t B (t > 4/3), KA 04 JEEA MU R BT DS HIKE A s-
MR 5. R, 2 00 < 1/V2 I, a7 . W2

loi. ol < 00) + 0 (224,

$T REC %1, Bickel 25\ [11] 4355t LASSO #I Dantzig fitiit, iEM
27 — 2[5 < O (sA?).

PIAMET 1 —n!=</8 (IR AL (¢ > 2v/2). Van de Geer Al B 1 hlmann[144] 1%F ¢, JE$0IE ML ]
FIAIE
[ Az 5 = BlI3 + All(z7 A)se |l < sX?6i (s, 5),
27 = 713 < 25X%¢7 (s, 5).
(IT). EMRGIER FET MIP %fF, Dai 5N [42] £15F ¢, JEER/MGRE, TERY ||z]0 <
YPTE(+ 1) /(4 Pp) B, @ R

2
|75 — 72 < = , (2.2)

b,e ;
1/p _
Lo (52 lslo - 1)




TIRRARSE: aoiRm B A B 1 iR 5 SRR

He vy e 1/1zll0, 1/)1Zll0]. 24 v > 2 B, (2.2) FIRJEF LA (2.1) FIAEE, XEWE £, UL
WML LY LASSO 7Y (1) T v fff 1 B s, ELXE LS5 5 (Rt B R B A1

5T RIP 264, Song[135] ZE NIEMY 6t i1)s < 1/VEP~2+ 1 I (¢ > 0), €, AU BAET
MRS N AT LUK KR s- MbifE 5 JFEM A AL (el < e B |ATe||oo < e B, 73R8 T
0, SO IMEIK TR B IR IR T, BAN, 4 6y € [2,1) H p £ BETEEN, Wen %A [159]
WEM

|l . — 2[5 < O(s2 o (2)h) + O(eP),

Fealth, e =0 H 2 188 s- FBifE 50, ¢, Y8R/ IME ) 3 mT SERURs B &

FETHEXFRI) RIP 254, Foucart F1 Lai[57] TEAIUIERAME R IR ¢ > s, o == B3,/a3, WL
Yor — 1 < A(V2 = 1)(t/s)/P=12 N £, JEEMETETCME T T LUK B s- Al vl it; ELYE ik

LT, 4 _
loj. ~alle <0 (552 ) 40 ().

BT pREC 44, Hu SN [72) 660 0, SOROERLRE, W5 27, W2

=
[ Az \ — bl|3 + All(zp 3)selln < sAT7 ¢p™ (s, 5),

2} — 2|13 < 25)\2T2p¢?(575)_
T RIF IENWEZAF, Zhang 55N [172] B0 — M fMEE IE WAL HAE Y (1.4b), TED] o3 W2
% — @l < (1 + )X*[S|ERIF,(E, S),

Hrne(0,1),6=m+1)/(1—n), X :==infy=o{t/24 p(t; X)/t} NTTREBIEKF, XH @ 6 ¢,
Ju¥. SCAD. MCP 5357 ¢, TiR%L.

2.3 ARHMACRBE E NS

TE SR fR AR B P A I R, AT T30 % 45 R A L P 4L 530 R b st A Y (B30 R B (BRAE DU I00) f 3% L
S MRA SRR R VERE, 6T S 805 SRR A LSRR AR ZE . DRI ik v A st RS ZRY PR 5 B S 2 (1]
iRz R B SR X AEARIEAL SRR (v i k. % TR UL R AL 5 R R AL AR R A B DT BBE &R
B A () TE T M 2% A K 22 W SRR AR B AR A, N2 AR T (Group Coherent, GC)[48]. £H fi ]
ZEHEZ6F (Group RIP, GRIP)[49]. HFE =M MR (Group NSP, GNSP)[62,86,137] 15 41 PR $IHRFAEAE 2%
£ (Group REC, GREC)[72]. "N T FA K [ml ik £ 1 0 1 4514,

EN2.10 (GC, [48]) SFF4r4 (G}, BAFAEERI/MMAFRRL n, = d,Vi € [r], &L A € R
MM TR pe ST E ws 53510

po = max 345 g, o, s = max max 474

Ho A F£ox A WFBERERE.

M d =18, AHTFEEE ue BIFRCAFREALIIAE T p(E X 2.1). th4h, FET MIP
(5 — P A TR e T 23 (82), H B AT AT MR 2 1 #ih).
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ENX2.11 (GRIP, 49]) % A€ R™*" S e Ny S <n, €X AESHEN G={G, G}
E RS As € (0,1) A

Ag :=min {A: (1 - A)|lz]]* < |Az|]> < (1 + A)||z|*, YV € R™HL|z]20 < S}.

AT KW, GRIP J& RIP [FJZE{H, (HE L RIP B §5—%E [7,49].
EX2.12 (GREC, [72]) & A€ R™ " 0< ¢<p<2, K AWEKRT (S,N) I (p, q)- HIRHFs
RIEESEIEN

[Az]2

||ng||P>2

G5, ) i= min { A1 < 8.l05,0llna < gy s N = TN UT | 0,
Hfr S<N<raeR,J Clr], T(@N) B |zg.lp 7€ {llzgllp - 5 € T} EIRKE N AL L
RIFRAREE.

H 52 AT, (p, )-GREC J& p-REC FIZEMH, ‘E Lk p-REC H55. KNHILL p-REC, (p, ¢)-GREC ¥4
AN —ADTCE, TEHRAR LR EBELN s/nmax, KRR s /N

ENX213 HN(A) :={zcR": Az =0} N A e R™"™ [E%q].
(1) (£2,,-GNSP,[137]) SMEREM J C [r] A |7 < S, WRIEREN = € N(A\{0}, #H |z7]21 <
|z gellan AL, WK A 2 €50 ALTAS A PER;
(2) (62,- B# GNSP, [62,86]) XEREM J C [r] H |J] < S, WMRAFE p € (0,1),7 > 0, 11
lzsll2 < %H"chﬂz,l + 7| Az||; MAERER) x € R BOL, PR A 2 - BFRHT T AV

2.4 HERRMACREREEMIER

FApidh, T 2.3 THIEN A, AT T & MBS B (R A A YRR R, FEA T
EREIEOLT, 5 2.2 TR0, 2 o(||lzg.|p) = 2llp.q B, AL £, 4 EEMETAE (1.62) 51E
WAL (1.6b) FEESWEREIE N MR AN o, o 5 2, o FIFE, AL 05(2), = inf) ), o< 12— 2ll2,4
N T AE b WEET MR S HMBUE .

(I). MAM3IER & T GRIP %44, Eldar fl Mishali[49] IEPI Ags < 0.414 B, £y, JEEM/ME
] ] AR stk AT R S- AMiEi s S, B

o3 ol < 0 (Z42t) + 0 23)
Lin H1 Li[97] ¥ GRIP (1503 N Ags < 0.4931, FE5H THSHIIKE 19 5 — D720 %4 Ag < 0.307.
Gao 5N [62] #E— KM AP (2.3) MOLA GRIP &4 H0HE] Ays < 0.6426. BEAN, T o, &
# GNSP %14, Gao Hil Koep %5 [62,86] £ €21 YuEM /MU IS, LT IAT (2.3) IBJE A
(I1). EMMAMIER 5T GRIP 44, Xu 28N [157) EMIY Ags < 1/2 I, fE1E S Agg FHRMIH
] qo, LR g < qo, 2,40 < g < 1) JEER/Mb R AT DLAR fEEH W AL A5 5, B
1Z7g 2,4

||x;,q,5—f||2<0( il )+0<s>,

q 2

Hrip Ty 2 7 KT o VEUIRKH) S AT L R bREE.

11
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5T GRIP %1, Xue 55N [54] TESMAEIE T, BALT £2,(0 < ¢ < 1) JEEUENIAK 7] 8 (1) 4H & 1
HE, B2 Ags € (0,1) H. (g, Ags) W2 — K0T, B

% _ g2 _ _a _4g
||CL'27q7)\ - ZEH%q <O (T) + O(Js(x)g) + O(Sl 2;5‘1) + O(Sl 2), (2.4)

e AIS U, (2.4)THEEJFE TS THIRER. BUAL, 2 ¢ B0 1 I, & o JERUENIAL R I S i 4
LASSO 7E GRIP FEALIE R O(A2)[107].
5T (p,q)-GREC A%, Hu 55 [72] HAL T £,4(0 < ¢ < 1 < p) JGEUENAb a1 42 J5yid J7 7t

* — _2 2-4q
40 — Z)13 < 2A7=3 89,7 (S, 9).

4\ U5/, FUSOHEAR 7 AT BAE o, R
2.2 i bR AEH N HE T R K I 26 PR RR B0 1 5 SRR A B F A 7 P st
W, Bk, TEERNTY T, 2 EBRIR o WEHUMEIEL (1.2) 5T 6,0 AT (L

min {[|Az —b]3 : [|zll0 < S}, (2.5)

WAEAER LA A PEFAES. 102 ||z)lo < (1+1/p)/2 W, Donoho %5 A [45] EB] (1.2) W] R4 e Mtk &2
JFIRME S, B g, W2

4e? _
V1= u2]zlo - 1)
M ) e IR TR MO IR T i 2 N(0,02) B, Hazimeh %A [68] 1EBH (2.5) (i
333,0,5 PIAET 1 - (S/T)S IR 2

25, = Zl[2 <

= 1/2
TS+1?rLg(T/S):| [,_)/25]717

n@@s—fmisas[

Hh Ty = max)jj<s > ey /S, Ty NEEAH i € [r] HHIFHEEL, vs = min|gsupp(z)|<s %.

3 RMREX

T EHRRGLILACAE ML AR TRE E AR 535 N, SE 8 TR AR SR Y 1 1 22 SRR A F Rt DA AR 2R )
R, BN OR, ARSCOREARAE AN [R] 4 ) U 7 Sl AR it €0 YRS ELIRARBE £ YEEPI NP, H5
SRAFFLIE I NRRREIES fo JEBWMESIEPIRSE, B2 A% A KB 5 Bk g%,

3.1 M EE
AT E AP RARFA T B (1.42) F1 (1.4b) H)—B 5 SR ARSI,
3.1.1 —MinshEL

(I). ERUHEFEEE (Iterative Shrinkage Thresholding Algorithm, ISTA)[39] & —25F
W VR SR, RO BB S, SRARFA S B (1.4b) ) ISTA &AL A:

2FH =Sy, (2 — vAT (A2F — b)), (3.1)

12
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He o >0 25K, — ol RS KRR, S, : R — R* NBBEEINL4EH T, SEER © € R,
Sa(x) M « NN

Sa(z)i = (|lzi| — a)+sgn(zi), i€ [n],
Ho ty = max(0,1), sgn() BT REL S, L o NS EEIGE RN 0, Bt o KEIEAEA /N N
(3.1) ATLLE Hh: AR, ISTA S Xt B SR R B2 R [, PRl A W 557 0T oF
FOEAMF R H 5 T 92 10 (L.4b) B HARREL F () := f(x) + M|, FH f(z) = §]|Az — b3, Beck
Fl Teboulle[8, & #E3.1] UEBH ISTA AT F {«F} BIRSIGERE N O(1/k), /2

L
Pty - ) < B 0 o,

Horr a* 4 (1.4b) Mmtlfig, H L(f) F7x Vf I Lipschitz %% &7 ISTA (74 7 V2 @ 200m
HELVE, #lhn Beck Fll Teboulle[8] K Nestrove JIIEHLG, #&H T HIREEA O(1/k?) KPR 4d
R 5% (Fast Iterative Shrinkage Thresholding Algorithm, FISTA); Jiao 5% A [83] SR ZEH 1T, 2
T A I A A A BB B, JREE T MIP R fRen th 7 BRI R E FHG T

ERF], ISTA Hsz 2 4RAEREE %L (Proximal Gradient Algorithm, PGA) N T LASSO ##
B —ANRr. X T R A A

min F(z):= f(2) +g(z), (3:2)

Hefr fONURREL, g WTRER BB AT AR, SRAFE 1) PGA I
2Pt = Prox,, (% — vV f(2F)),

Hrt Proxyg : R® — R™ NABIEHEF, & XU F:

1
Prox,y(z) := argming(y) + — |y — z||3, Vz € R™.
- yERn 2’U

i f(x) = i||Az — b3, g(z) = M=|1 B, PGA By ISTA. Renlh, A3 %S (Fixed Point
Continuation, PFC) &% [67] SEPr_ L tHE —SRARIERE L. 2 g(o) = Alz||B B, SCHR [64,173,192]
BT AR H Tt VAR PGA, JREBI Kurdyka-Lojasiewicz(KL) HESE [2, 3] 45 H SLIAII 4k B K
VRS L. 34k, PGA iG] TAMBIA R 24 g(z) = M2|2, &, Hu F A [72] M PGA
R (3.2), HIET KL HEZLHNL T PGA K4 Rt 5 a2 e Sius .

(I1). AR FEETFE (Alternating Direction Method of Multiplier, ADMM) £ &—35
Z T SRR AU R R S0, CUH T SRR A R (21,150,164 3T 2R
o

eitin o {f(@) +9(y) : Az + By = b}, (3.3)
FLHE)Rks BT H RO
£a,y.w) = J(@) +g(s) —w" (Az + By — )+ 2| Aw + By — b]3

Sl w BT, 5> 0 RFZH ADMM AR (3.3) SHHNFT BRI KR
MRS A AR 55— MR, WAMHIRE y 1 o SR, FHCEBA I T

yhtl € argmin,, Lz, y, wh);

13
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2* € argmin, L(z, yF 1, wh);

wh ™ = wh — yB(Az* T + ByFT —b).

B f(e) = &llAz —b|2, g(z) = |lz|1, (3.2) BN (1.4Db), Wi 5N E § = Az — b, (3.2) ATEHT
(3.3). KM (1.4b) MIZNE ADMM EACTNE FHan T B RS T B . BRI R H AR AN 3fe 1 5B U ) okt

A3 wF
k+1 _ (AL —p): A4
Y 1+)\6(ﬁ (Az* —b)); (3.4a)
k
P = Sz ok — AT (Aak 4y b — %))7 (3.4b)
Wl = Wk — yB(AZRH ¢y b, (3.4c)

Yang %5 A\ [164] iEB HZ M ADMM(3.4a)-(3.4c) AERIIFA {y*, % wh} WEE] (v*, 2%, w*), H o
N (1.4b) WIfifE. Wang 55 A [149] 7ERFFT 70 A AMLES 7 AR5 0F, S FHZH ADMM SKARDLAL I &, JF
WE R HUSIORE Y O(1/k). M s o3 An NI S BRE RR I, fie /N i 22 7 VEAEZG M Bl A A0 o B B
R RIRI. R, 25 f(x) = || Az —bll1, g(x) = Mllz|l1 + A2|2l2,1, Kong[150] K T ZetEAL
ADMM KRR SR (3.2), HIEXME RS € MYIiE AR E el 83 (1.8) . 54k,
ADMM {EH 38 Fis 8 F 7735 (ALM) FO28 0K, 24 HARBR BRI G, Wang 25\ [156] 134
SRS 24 HEREECRIN, Jia Z8 A [80] FE TR ZE LM, o H R ap L WSk

(II1). BRA¥RTRBE (Block Coordinate Descent, BCD) /512 [22,122,162] & —JK A A L H
A ARA I R v 28O i, B2 T AR AR ) R AR B o S e R gy, 2g,, (3.2) TTIE
s}

min f(zg,, - 2g,) +) gilxg,), (3.5)
=1

BCD JjibfEsR—DIsAU, BUCEH A AR B g, AR, 7E55 &k PSR, BCD Jrikiuss o Bt
BRI
xél € argmin f(;vl_él, e 7‘%]51-,17‘%9“1:2:;17 e 7$Ié;1) + gl(‘rgz)

Igi

BCD ik O TR B SEAFR B LA IR, WNTE f(2) = )| Az — |3 TETE T, % g(z) = M|z, R 61
JEHE WAL (1.4b) 1 BCD JEA:

1 ~
xf € argmin A|z;| + §||Al||§:z:12 - A;?F(b — AZ)x,, Vi€ [r];

Hor A 8 ABRES o SURKIKIAERE, 2, N 2 BRES « DI ERMRIIAE. # g(z) = M|z(2,1, Qin
5N [122] R BCD JiksRME4L LASSO 7 7 A sl lt; # g Jv SCAD B MCP {ij, Breheny
Al Huang[22] K BCD JiEsRABFIRLIY SCAD Hl MCP 1FE NIALAA S AR AL 3 1 AH R AR Sk, ik
W BCD J7 i A i) P AL S 38 B A g ol /ML i 4 SR AR AR T TRl AR IME . 534h, Xu AT Yin[162]
R BCD JERME— AR MR )&, Jf2ET KL BHARIEY] BCD J5 ¥4 RS S 3 il sl (i 7
s, B S HEE S

(IV). (EHEL (Difference of Convex Functions Algorithm, DCA) j&f Pham Dinh Tao
SEN 190,91, 119] FEH ) —FhEE T R AR HRACIERAF A DC XHBER ML SE, 2 TRETCLIRI
DC BRI, BL (3.2) N, HHHAREE F(e) = f(z) + g(e) IRRA 2 MR R 5 R, 27,

14
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Bl F(z) = Fi(z) — Fa(z), WA F )y DC % KM (3.2) 19 DCA BAd0y: 5 k LEMAd, 454 DC
RN ) SR 3 e R AR A S B ER, H Py (0 — @ RIE Bl oy, FEXTUTALE B0 A Ak 1] AR AT SR i,
AR R R,

yk S (9F2(5L‘k),

P € angmin (Fy (o) = (Ra(e) + (o = a0}

EREF), DCA & — M T R RE A & RISk 1 N B 5%, 3 BT — 8 DC MLkl DCA BAg
LRMEUSCSE; X T 21k DC R, W& AR IS [91,119).

H A, DCA O Tt i@, #5 f(z) = 3| Az — b3, g(z) = A(||z[l1 — [|z]]2), Yin[167]
R DCA R4 BT €0 — £ JEBOENMK R, JR@Ear | BER & Rt 25 g(x) = Mlz(lo,
Le Thi 58N [91] $1Xf £ JEHUENMLFE (3.2), RH DC EUT %, £ 5 FIEY] 7Tl & 5
BRSO, BRI (B BOMZA N —SUE. % o) = A el + A lally o, Bian A
94] 25 TIRE MG IENLIR AR (3.2) ) DC Fastlid, JREESr 1 ol ol f 5 Ji Il REAE 4 oy e IO
IS . Gotoh 5N [65] £1%F (3.9a), 45 H THEELIH {||z(lo < s} MIAEH DC F£oR, HKH DCA K
fift.

(V). ZEREMNLEL (Iteratively Reweighted Algorithms) & —283 H T R @A AL 7] 8
(3.2) MIBACEHE, M FAER g T, R g(x) — Aol JBREIFAA 0<p < 1)

IBREMM L, (Tteratively Reweighted ¢; Minimization, IRL1) 5% [30,35, 36] 7 F #8570
BB, 5 G T BB A REAOE T TR, T A0 £ SR REAE T
P, TR HE TR o B TR VR AU SR, IRLL (025 S0 00 7 AT 4
g(z) fE—BotiE Lt s, A

min () + A (el +07, (3.6)
i=1
Hob e 0. KA (3.2) [ IRLL R SEME T T BRI [36):
A< argeﬁljn {f(z)+ /\||Wk33||1} , (3.7)

HAREERE W = diag(wh, -, wk) H wf =p/(|zk| + )P =1,--- ,n).

ERER), AE of W DU HE LA THRER 2 B IALE. HOKAYARE > Bl W cH i RERGR A Y
AR, — ELIX LAy AR, AN A A2 BRI, 9 HL AR 1 7 R, e iy B SR A0 5 HE At b AR 31
RBUMBAER K EALE. 7E IRLL MR RERT, (3.7) S2hR EEBAERME— AN RN ¢ YaBOENL
i 7.

Chen[36, &1, BE4] UERH 7 B IRL1 AR 741 {oF) 2 A A0, HiZp o) 0E & R S a2 it
R (3.6) FIARE KL TERFE XA, (3.6) MIFE e i R/ MEM, BHAE—ZE5M4T, IRL1 Af
AL S S .

IEREMM &R /N3 (Iteratively Reweighted Least Sauqres, IRLS) 5% [40,88] /& —Ff
LR REIMBCEHEZE. 1E f(2) = 3| Az — 0|3 BT, X g(x) 1EZHbIE g(z) = Y0, (22 + €2) 3,
Lai F¢ A [88] $&tH TRLS 5%k, HE 2R F:

k+1 _ n . Dx; T _
" =<z eR .)\[ + A (Ax —b) =0,
{ CESCARIZE

N

€x+1 =min{e, )\r(:z:]”l st
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Hrb s NS THIRBLKY, r(z) T 2 € R B B H 4B R P HEY S H i) m &, 52T RIP
XAF, Lai 25N (88, SEFE2.2] IEMXY 65y < 1 H e — en(k — oo) B, M1 IRLS AERMIFHI {xF} FEAEIR
SLFH. Kt 2 e > 0 B, AFBEBRETFINIRIR S 2, A N (3.2) 7E e = e A, H 2, 2 5
HL s- MBiEZ AIRZE TN O(VN) + O(0s(ze. 2)2)%.

3.1.2 ZMishE ik

PR RBIE L (Proximal Newton-type Algorithm, PNA) J&—JW 4 fiiyk 51 AT
FEEEW T, ATEVE PGA [ I k(i f i Lee 25N\ [92] ZERMNE SR (3.2) BHRH.
FAApRHL, PNA JeR ) CARE S i e # Z J5 W) dF, 3B A BIIEERUP K vy, R FE R

d* = Proxfk (2% — H 'V f(a*)) — 2¥;

(3.8)
" = 2b 4 vpd.

K Hy = V2 f(ah) N fAE o8 GERGHGZERERE, H SCARE S 752 L0

Prox (z) 1= argmin g(y) + %Hy —z|%, Yy € R",
yeRn

|23 =2 Hz, H € ST, MARIEE. 5AWRLIE, PNA BA RIS, #5780 HY Oy V2 f(a*)
I ALL, (3.8) M NATIE NS Y. (Proximal Quasi-Newton Algorithm, PQNA). i, # H* 1&r
SEA T, PQNA HABL S

FAT, PNA O TSRS RS . BIANTE g(z) = M|ally, f BUR/D SRR BE 4 ]
AR, 2580 F FISTA, Ghanbari Al Scheinberg[63] $2H T IR PQNA KA IE AL A AL, FFiE
AT HF 5 2 Bk, ORISR R AR O(1/k?). 548, 2 g(x) FEMNET, Rakotomamonjy 55
A [125] ¥ DC HEZR 5 A4-WAMES &, #2 1T DC I iiyk R ig (3.2), IHEH DC i kA4
B2 AT B BR AT (3.2) [RESE £, Kanzow I Lechner(84] $#H T Ak A (100 o A B 784 7 9%,

3.2 () SEEMIMLER
AFTERT F AR B (BRAR) I 5 Lo YO SRR B AL 1r] AL

min {f(2) : [zl < s}, (3.92)
min f(z) + Alzllo, (3.9b)

SIS TSRS R, 72 3.2.0 75, JATCL £ s SR R B 4 B AR S,

3.2.1 —MABEX

(I). EXMLEEER (Orthogonal Matching Pursuit, OMP) 57% [130,140,142] &K 4 (1)
AR Bk, OMP SLVATER: — Bk, BB A b 54015k % o+ = b — AP

3) 0s()2 A 2.2 TWHANBIIRA s- FB@EIT.
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BANRI— B, HUCRAZ TN RLRTEARIE AN SRR S, MR RIH SRR Sy, WL SFH BN
/N R BT o AR IR

i = argmax|(A;,b — Az®)|; (3.10a)
¢Sk

Sky1 = {Z} U Sg; (3.101:))

2FH = argmin{|| Az — b||2, supp(z) C Ski1}- (3.10c¢)

HER], OMP FILM R ML, HiTiES CERNYIRIER M, SRR A S Ok SR — 51,
RIHIER KB R Z N A IFIEG (BT Sk BEIERIZRIE K, OMP HyEJovk B 3 &R AT fg
e brET R, B, BT MIP 3 REC 25fF, Cai %5\ [25] IEF OMP 512k DU i ME RS 6 1 A R b
SE RS, BT RIP 444, Zhang[177, 5EFE2.1] IER i OMP SR IS FES) {aF 1) 3 2

lz* 4 — 2|2 < V6er(2)/p- (1),

Ht e N5 S MK, e(z) MR RLTE, p—(t) RERNSFEE. Ko, OMP Hiktn]H
TRARAM B . Ben-Haim 1 Eldar[9] S OMP SR ARARALA R, T GC %1,
gyt 74 OMP SR IE AR B R 2 G T
E4ERAEILALEER (Compressive Sampling Matching Pursuit, CoSaMP) % [112] il K

KT S OMP HiE4 A, SEl 7XF OMP udt, H 3 kA un T

y = A"(b— Azb);

T = supp(z") U supp(yzs);

& = argmind[Az — bl : supp(z) € T};

2" = argmin{||z — z|| : ||z]o < s}
T

FERER, fEPIERF, 5 OMP FEKIRK FARFEAN supp(aF) AF], CoSaMP HIESLHUOK T >4
MR (B SCHESE T SN IT 3s), PRI s/ IR LA, f 5 OR BE AT AU A (1 B K
s MorE. EXFEREA e OMP B0k H s IRE AU RE v] 58 I B iR e bR, BRI, CoSaMP
A& —w R AR IEME R /). BT, BT RIP %44, Needle Fll Troop[112, & #4.1] iEB
CoSaMP A (PP HIFEW AR (3.9a) HIRALAE =, FF4a T =& MREFAbTE. BAkH, % 6, < 0.1,
HH CoSaMP A& HIFo1 {«F} /& s- Wb, H

lz* — zll2 <27"|1zl|2 + 15]|e|2.

AIEERBENAEE L (Adaptive Forward-Backward Greedy Algorithm, FoBa) /& H
Zhang[176] £ (1 —Fh B 5 IRIFIERE I A 50VE, & 455 A R AR SR AN G [a) SR AR S, it — P i
7 OMP 3%, BAKH, FoBa SEHATRT A, Bl OMP #4835 (3.10a), (3.10b) 5 (3.10¢) KRN 16
. #

B 1= | Az*L — B3 — [l Az* — b3 < 6,

WAL AR B, & k= k+1, $UTIERD. B, T ji = argmin g, [|A(e® — afel) —b[|3, WA

A" —afel) — b3 — [|Az" " — b3 < 56, (3.11)

N =
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W4 &k =k — 1, Z32JG P RMIBRERIR bR, FFAEB I SOE 4R RS

S = Spr1\ {41}
zk = argmin{HAz — b||2, supp(z) € S¥}.

FoBa Jiid F &M (3.11), BIFRET R R W EHRIER, 24T B IR IE; 784 OMP HIERA
FIRIR, kA 7 OMP 5%, | M 83 Rk S J5 ) SR RO A Modl s e, Ak, 25T RIP 8¢ SEC
A%, Zhang[176] UERH FoBa LA ISLE] (3.9a) HIfiE.

(IT). iERFEHE (Tterative Hard Thresholding, THT) J557% [16,17] s&H Blumensath Fll
Davies $#&H! 1) —28F TR £ JEELIRNA M (3.92) FIBIEIEASIE, 3&EFH T3R8,
U AV WAE

oF T = H, (2% — vAT (Az* — b)),
H H, - R — R ABEBESE T, MAEN ¢ € R, Hy(z) RAVRE o« PLHE RN s D&, 2
RIEN 0.

IHT 5 ISTA BB, FERE D AR S5 S5 B0l & R 1 B, P B 57 S8 L.
ZAEMAFELET, ISTA ) BUE S 7 K RESRT, T THT AR R 5T A% ISTA, IHT 7£
BRI R AU AR 2% FAERTRK ) 73 & AH. Blumensath F Davies[17, & #4] IEBAAT || A2 <
1, B IHT ByEA S5 (o8} SR (3.9a) IKRER/ME, 45 655 < 1//32, I

1z = 2" [l2 < 27*|los(@)2 2 + 6&s, (3.12)

Hepz 9 (3.92) ML, & = 17 — 22 + 52117 — 0u(@)2ll1 + [le]2.

FABLISTA, 2T THT FVEWATA 71 2 I il B 28 507, #9140 Blumensath F1 Davies[18] K
B ER D KNS, $EH 7 IVE &SR {E (Normalized Iterative Hard Thresholding, NIHT) &y,
FEEET AR RIP 5@ T NIHT HIAH& 1S, Blanchard 58N [14,15] FILHEEEARE THT
FRIREREE, B T ILBIRRE AAE B . (Conjugate Gradient Iterative Hard Thresholding, CGIHT) %
V5, SRR LR BRE I 2% P 1 5 LA v () T I AT S 1k

fEH{EIBER (Hard Thresholding Pursuit, HTP) 5% [56] H Foucart 2, /& THT Il CoSaMP
RS, Bk, HTP SRSk dhAEACR o HIRT s KO- 500N N ARRA & NP 4R, FHE
AR BRI SR /N TR EE R oM, A R A T

Yt =aF — v AT (Az® — b);

Sk-‘rl k+1)).

)

=supp(H (y
2F1 = argmin{|| Az — b||2, supp(z) € S*1}.

FF RIP %1%, Foucart[56, 5EH3.5] @37 7 HTP HEEMRZE R G, I mos, < 1/v3m I, HTP
BEA MRS {2%) 5 (3.9a) MIBRICHR z A0 T 5% 4&:

k

1-
l2* = 2> < ¥l = sl + 77— IIAws +ella, (3.13)

Hefpe(0,1) Al r >0 N5 dos RHIHEL HLER (3.12) 5 (3.13), HTP SEMELTFIRE ||All2 < 1,
T HXT RIP (O ER 85 T
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hERE B o4tk BT

L, Zhao S5 [185,187] $2th 17—l k BUME L, EAECRIESIEDUT BIME L4 10 R, b
REPRAE HARPREU T . ZETaRA & BUME IR K —BriE fBl, Zhao AT Luo[188] i&feth 17— H A
BMESEIE, At B A B 2R T & BIESNE.

3.2.2 ZMEBEX

D). ETHmPEKEHE (Newton-step-based THT, NSIHT) 57k [109] H Meng Al
Zhao fEth, MHEIEKFUOE S THT SHEA4S &, AT USRI BZI R K /s sl @l, Bl (3.9a) F1HK
f(x) = 5| Az — b3, FiEUk Lt b

2* = H (2% +v(ATA + )T AT (b — Ah)).

M AR 63 < 1/V3 W HHBCRA A o0 WHRRFERAN, d1 NSIHT SRR P {1} 3
AE

lz*1 = Zsll2 < pPl2° = @sl2 + 7| Azse + ]2,

Hp p e (0,1), 7 &5 p,o1,6,v FHRIIEFE [109, EE4.1]. AL, Meng Fl Zhao ¥4I H
HTP FUAAHEE G, 1R 15T AR 00D i ) {88 27 550% (Newton-step-based HTP, NSHTP), H A7 |
55 NSIHT AL S48

(IT). R EFE LN (Greedy Projection Gradient Newton, GPGN) 57k /& Wang %5
A [155] #EH B —28 IR, BB VR A AR A A 45 A, v TSR AR B2 SR K E 4 R )
B, BN (3.9a) HEL £ OAZEE RS, HAKH, GPGN HRE/ERARE FI%, BRI, S0
T:

P = Pg(af — v Vf(2h));
#i supp(@Ft1) = supp(a®), WAE 2+ (CHE B EUE, 18 Sp = supp(@F ), B4
T, oF 1 = R, W (R < FERHY) — LJaRL — L3, 0 2R R I, o =
1 Wang 55 A [155] UEB GPGN BE R A 4 JR S S Al &y 38 — ok /IR VRN Stk AR TR A48
P M 532, GPGN FUIELE SIS LM B A-E0E, A SRR R,

EFXTAEAY (3.9b), 2 f AR RDEIK, IENBUN A|z|p0(p > 1) B, Zhang S5 N [174] fEZ4EH
M B SR, T £, 0- TP EYE (6,0-PNA), 5INGE o- FoE m ZI i H 5 4 5 iR/ ME
(B A IME) SN, FFUER T €,,0-PNA &3 — IR WSl .

(I1I). -4 SEEE (Newton HTP, NHTP) #y% [190] /& Zhou S AR —K I HE
%, ER RGBS RS HTP HEE S, ATH TR (o L9 (3.9a). HARHE, 8 5]
A - FasE RENH R 2 € Py(x —nV f(2)) IR, ¥ (3.9a) b R AR FIRIEL M7 1%

=gt — (Vg f@ +1)7'Vg, f@ +1);

Sk+1

Vrf(r)

ITe

Fy(ain) = 0, 30 € T(asn), (3.14)

HA T(z;n) = {T C [n] : |T| = s,T D supp(z),3Iz € Ps(x —nVf(zx)}. ERPENRS, NHTP H
Wl Ty, FAEXARLMTTRE (3.14) MHABVEIAE T, EHATABOE, 35 IS 2 AR 007 7 df, i
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BN BEANSES, MR FAY R T 10 dF Oy df,, SNk d NIRGIEEEETT 1A df; Sa@d e T, EaT
Armijo R, AT N —IKIER
J1 a:é?k + ozdifpk

T = ,a > 0.
0

FE T PR 1) 5 ™ P R0 PR A1) 56T 262, Zhou 25 A [190, :EFE10] IEW] NHTP HA 4 /Uit 5 — kst
.

4 BREERE

ZERM R AL R R AL B S UIMIOG, RS A0 BB LR S22 . AR MR S 5 L 43
G TARAK ML, SHE TALF R 2 R0E. ASCH A M S AR s A 2 AR . S 1k
BR 5RMFIEAEAT TR B4, MRS IR S M AL AW oA 1 il 4, DU R R
TR A OR A, 2D T R EE M M DAL BRI AH BT T

iR R R E A, BARBAR T E MW TR, (B RZ M ik e k. ] an BT (1 5
R Z R B, ATt DGR I S, xS LR A AR AL AT SR BT
S ST UCSVEBAE, WAl B S AR AL IR AT SR it SR, AR MR R AL SRS R 42 )R
SRR 2T I L, n ey 8 4 58 95 ) TR DU PR 2% AR DLORAIE RS I VR B2 S5 AR A PR IG nfr B RHIRARIE RS 5
BRI AU 0 BT TR B PR RIAE, Beit i R A8 1) R R A A
Bt
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Theory and algorithms of structured sparse optimization
problems

Yaohua Hu, Yu-Fan Li, Yanyan Liu & Jing Qin

Abstract Structured sparse optimization is one of the most popular research topics in optimization, which has
been widely used in in a wide range of fields, such as compressed sensing, signal and image processing, machine
learning, and biological sciences. In this paper, we first introduce the development of sparse optimization, group
sparse optimization, mixed sparse optimization and joint sparse optimization in recent years. We then summarize
the theoretical studies and optimization algorithms for structured sparse optimization, including the consistency
theory of convergence theory. Finally, we also propose some interesting and important problems in structured
sparse optimization that are worthy of further investigations. Generally speaking, a great deal of efforts have been
achieved in the development of structured sparse optimization; however there are still several important problems
to be resolved.

Keywords sparse optimization, group sparse optimization, consistency theory, first-order algorithm,
second-order algorithm, convergence theory

MSC(2020) 65K05, 49M37, 90C26
doi: 10.1360/SSM-2022-XXXX

27



