Convergence of the Newton-type methods for the
square inverse singular value problems with
multiple and zero singular values

Weiping Shen* Yaohua Huf Chong Lit Jen-Chih Yao®

Abstract. In this paper, we study the convergence of the Newton-type methods for solving the square
inverse singular value problem with possible multiple and zero singular values. Comparing with other
known results, positivity assumption of the given singular values is removed. Under the nonsingularity
assumption in terms of the (relative) generalized Jacobian matrices, quadratic/suplinear convergence
properties (in the root-convergence sense) are proved. Moreover, numerical experiments are given in
the last section to demonstrate our theoretic results.
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1 Introduction

The inverse singular value problem (ISVP) arises in different applications such as the determination
of mass distributions, orbital mechanics, irrigation theory, computed tomography, circuit theory, etc.
[13, 15, 17, 18, 19, 21, 23, 29, 30, 33]. In the present paper, we consider the following special kind
of ISVP. Let p and g be two positive integers. Let RP denote the p-dimensional Euclidean space and
RP*? be the set of all real p x ¢ matrices. Let m and n be two positive integers such that m > n. Let
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{A;}7y C R™ ", Given ¢ = (c1,¢a,...,¢,)T € R", we define
Ac) = Ao+ > cid (1.1)
i=1

and denote its singular values by {o;(c)}"; with the order o1(c) > o2(c) > -+ > o,(c) > 0. The
ISVP considered here is, for n given real numbers {o}}?_, ordering with

012032 20,20,

to find a vector c* € R™ such that {0}, are exactly the singular values of A(c*), i.e.,
oi(c*) =0}, foreachi=1,2,...,n. (1.2)

The vector c* is called a solution of the ISVP (1.2). This type of ISVP was originally proposed by
Chu [5] in 1992 and was further studied in [2, 3, 5, 16, 27, 31]. In the case when m = n, we call
the problem is square. Obviously, if {4;}}, are symmetric, the square inverse eigenvalue problem
is reduced to the inverse eigenvalue problem (IEP) which arises in a variety of applications and was
studied extensively in [1, 4, 6, 7, 11, 25, 32].

Even though the solvability issue for the ISVP (1.2) is very complicated, some numerical algorithms
for solving (1.2) (and so the square inverse singular value problems) have still been developed [2, 3,
5, 16, 27, 31]. In general, these numerical methods can be distinguished into two classes. One is
the continuous method which consists of solving an ordinary differential obtained from an explicit
calculation of the projected gradient of a certain objective function (cf.[5]). The other kind of method
that we are interested in below is the iterative methods. Define the function f : R® — R™ by

f(c) := (o1(c) — of, oa(c) — 3, ..., op(c) — )T, for any c € R™. (1.3)

Then, as noted in [2, 3, 5, 16, 27, 31], solving the ISVP (1.2) is equivalent to finding a solution c* € R"
of the nonlinear equation f(c) = 0. Note that, in the case when the given singular values are distinct
and positive, i.e.,

o1 >05>--->0r >0, (1.4)

the singular vectors {u;(c)}?; and {v;(c)}}_, are continuous with respect to ¢ around c*. Moreover,
there exists a neighborhood of ¢* where the function f is differentiable around the solution c* (cf. [3]).
Thus, in this case, one can certainly apply Newton’s method for solving the nonlinear equation f(c) = 0
to produce Newton’s method for solving ISVP (1.2). However, Newton’s method for the ISVP (1.2)
requires solving a complete singular value problem for the matrix A(c) at each outer iteration. This
sometimes makes it inefficient from the viewpoint of practical calculations especially when the problem
size is large. Therefore, Chu designed in [5] a Newton-type method for solving the ISVP (1.2) which
requires computing approximate singular vectors instead of singular vectors at each iteration. Under
the assumption that the given singular values {0}, are distinct and positive, the Newton-type
method was proved in [2] to be quadratically convergent (in the root-convergence sense). To alleviate
the over-solving problem, Bai et al designed in [3] an inexact version of the Newton-type method
for the distinct and positive case where the approximate Jacobian equation was solved inexactly by
adopting a suitable stopping criteria. Also under the assumption (1.4), a convergence analysis for
the inexact Newton-type method was presented in that paper and the superlinear convergence was
proved. On the other hand, motivated by the Ulm-like Cayley transform method introduced in [26]
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for solving the IEP, Vong, Bai, and Jin presented in [31] a Ulm-like method for the ISVP. Again under
the assumption (1.4), they showed that the proposed method converged at least quadratically.

As mentioned above, there are some works on the formation and convergence analysis of numerical
methods for solving the ISVP (1.2). However, to our knowledge, distinct and positive assumption is
always assumed for the given singular values among those works!. In the case when multiple and/or
zero singular values are present, that is, without loss of generality, {7} ; satisfies that

_ _ * * * * _ _ *
O = =0,>0,41" >0, >0, 4,1=...=0,=0, (1.5)

solving the ISVP (1.2) becomes harder and the techniques for the distinct and positive case could
no longer work as the function f may be not analytic around c* and the singular vectors may be
not continuous around c*. As mentioned in [5], the appearance of zero singular values is especially
challenging since zero singular values indicate rank deficiency and, to find a lower rank matrix in the
generic affine subspace:

A(c) :== {A(c)|c € R"}

is intuitively a quite difficult problem.

The purpose of this paper is trying to studying the numerical solutions of the square inverse sin-
gular value problem (i.e., the ISVP (1.2) in the case when m = n) with multiple and/or zero singular
values given by (1.5). By modifying the Newton-type method in [2], a (exact) Newton-type method
for solving the square inverse singular value problem with assumption (1.5) is proposed, and the con-
vergence issue of the proposed Newton-type method is studied. Under the nonsingularity assumption
on the (relative) generalized Jacobian matrices at the solution ¢* (which is used by Shen et al in [26]),
we show that the sequence {c¥} generated by the proposed method converges quadratically to c*
even when multiple and/or zero singular values are presented. Moreover, to alleviate the over-solving
problem, an inexact version of the proposed method is also designed here where the approximate
Jacobian equation is solved inexactly by adopting a suitable stopping criteria. In particular, the main
results of this paper improve/extend partially the corresponding ones of [2] and [3] in the case when
m = n. Finally, some numerical experiments are presented to illustrate the theoretical results in the
last section.

2 Preliminaries

Let B(x,d) be the open ball in RP with center x € R? and radius 6 > 0. Let S(p) and O(p) denote
respectively the sets of symmetric and orthogonal matrices in RP*P. Let D(n) be the set of diagonal
matrices in RP*P with increasing diagonal entries. Let I denote an identity matrix. Let || - | be the
Euclidean vector norm or its induced matrix norm, and let || - ||z denote the Frobenius norm. Then,

IAl < [ Allr < /g | All, for each A € RPX1. (2.1)

The symbol Diag(ay, ..., a,) denotes a diagonal matrix with ay, ..., a, being its diagonal elements
and diag(M) := (mi1, ..., Mmn,)T denotes a vector containing the diagonal elements of an n x n

! An exact/inexact Newton-type method was proposed in [27] for solving the ISVP (1.2) with the multiple
but positive singular values, and it’s quadratic/superlinear convergence was claimed there. However, as
explained in the conclusion section, there is a fatal gap in the proof for the main theorem there (i.e.,[27,
Theorem 3.1].

3
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matrix M := (m;;). Let {o}}I, be the given singular values satisfying (1.5). Write
o* = (o}, ..., 0})" and X*:=Diag(o], ..., oF) € R"*" (2.2)

Let ¢ € R™ and A(c) be defined by (1.1). Let {o;(c)}®, stand for the singular values of A(c) with
the order o1(c) > o3(c) > -+ > 0,(c) > 0. Write

¥(c) := Diag(o1(c), ..., on(c)) € R™*".

Define
W(c) :={[U(c), V(c)] | U(c)T A(c)V(c) = X(c), U(c) and V(c) € O(n)}.

As in [31], we ignore the choice of possible sign for [U(c), V(c)]. For each [U(c), V(c)] € W(c), we
write

U(c) := [U(l)(c), U(2)(c), U(3)(c)] and V(c):= [V(l)(c), V(Q)(c)7 V(g)(c)]

where UM (c), VD (c) € R™**, and U®)(c), V) (c) € R"*!. Throughout this paper, we suppose
that ¢* is a solution of the square inverse singular value problem. For ¢ = 1 and ¢ = 3, define

My = UD(eHUD ()T and Iy, = VO () VO ()T, (2.3)

We first present some auxiliary lemmas. In particular, Lemma 2.1 gives a perturbation bound
for the inverse which is known in [12, pp.58-59]; Lemma 2.2 is a direct consequence of the Cholesky
factorization (cf. [11, Lemma 3.1]); while Lemmas 2.3 and 2.4 have been presented respectively in [2,
Lemma 2] and [25, Lemma 4.1].

Lemma 2.1. Let A, B € RP*P. Assume that B is nonsingular and ||B71||-||A— B|| < 1. Then A is
nonsingular and moreover
—1” < HB_1|| )

T 1B [lA- Bl

%

Lemma 2.2. Let M € RP*7? where p > q. Let W = (w;;) be a g X ¢ nonsingular upper triangle matriz
such that wy; > 0 and WIW =TI — MTM. Then there exist two numbers € € (0, 1) and o € (0, +00)
such that the following implication holds:

IM|| < e = [l = W[ < al| M.
Lemma 2.3. There exists a constant o € (0,+00) such that for any c, €© € R",
[A(c) — A(©)|| < alle —<.
Lemma 2.4. Suppose that Ace S(n). Then there exist positive constants B and & such that

) min 1Q—-Q| < B||A—A|, whenever A € S(n), Q € O(n), QTAQ € D(n), |A-A| < k.
QEO(n), QT AQED(n)

The following lemma given in [24, Lemma 2.5] is also needed.
Lemma 2.5. Let Z € R™*". Suppose that the skew-symmetric matrices H, K € R™*" satisfy

HYX - YK =Z.
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Then we have
=2 tiicicn, 1<j<n-t,

%
205 , .
[K}ij:—[ ]*j, 1<i<n—t, n—t+1<353<n,
9
J %
J )

The following two lemmas can also been found in [24, Lemma 2.6] and [24, Lemma 2.7]. Re-
call that TIy; and Iy, are defined by (2.3) for i = 1, 3. Let U := [UM, U®), U] and V :=
VO, v@ vE] ¢ O(n) where UV, V) ¢ R and UG, UG ¢ R™**. We form the QR
factorization of HU,iU(i) and HV7iV(i) fori=1and i =3:

yUD = 0O ()R and Ty, VO = VO ()R,

where Rg), RE}') are nonsingular upper triangular matrices, and U @ (c*), 1748 (c*) are matrices whose
columns are orthonormal. Let

U(c) = [0W(c"), UP(e), UP(c")] and V(e*):= [V (c), V(e"), VI ().
Clearly, [U(c*) V(c*)] € W(c*). Suppose that the skew-symmetric matrices X, ¥ € R™*" satisfy
X = UTU(c*) and ¥ = VIV (ch). (2.4)

Define the error matrices Ey and Ey:

Ey=[EP, EY, EX) and Ey = [EY, B, B, (2.5)
where _ _
EY = (I -1y )U® and EY =1 -1y )V®, i=1, 3,
and

EP =U® —u®(c*) and EP :=V® v (2.6)

Finally, for any matrix M € R™*" we use M5l and M to denote respectively the s x s upper left
and t x t lower right blocks of the matrix M.

Lemma 2.6. There exist two numbers § € (0, 1) and v € [1,+00) such that for any ¢ € B(c*, 0)
and [U(c), V(c)] € W(c) , the following assertions hold:

(i) [UP(e) =UP ()] < lle —c*|| and [|(I — M) U ()| < vlle —¢*| fori=1, 3;
(i) VP (e) = V(e <vlle = and [|(I — Iy, ) VO ()l < ylle —e*|| fori=1, 3.
Lemma 2.7. There exist two numbers 6 € (0, 1) and v € [1,400) such that

(i) for any matriz U € O(n) with |Ey| < & , the skew-symmetric matriz X defined by (2.4)
satisfies
IXIle <AEull, |1X)r <AlBul® and ||X12]|p < 4| Ev|?
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(i) for any matriz V € O(n) with ||Ey|| < 8, the skew-symmetric matriz Y defined by (2.4) satisfies

IYllr <A1V, IYEV e <AIEV]® and [YEH||p <y By

Now we present the definitions and some properties of the B-differential Jacobian, the generalized
Jacobian and the relative generalized Jacobian. For this, let g : R? — R? be a locally Lipschitz
continuous function. Let g’ be the Fréchet derivative of g whenever it exists and Dg be the set of
differentiable points of g. Recall from [8, 22| that the B-differential Jacobian of g at x € RP is defined
by

Opg(x) :={J € R"" | J = lim g'(xx), xi € Dg}.

Consider the composite nonsmooth function:
g:= o, (2.7)

where ¢ : R — RY is nonsmooth but of special structure and 1 : R? — R! is continuously differen-
tiable. Let S be a subset of R™ and clS denote the closure of S. The generalized Jacobian dgg(-) and
relative generalized Jacobian dg|sg(-) at x € R™, which were introduced respectively in [20] and [28],
are defined as follows:

9o (x) := Ip(p(¥(x)))¥' (x);
8Q‘5g(x) = {J | J is a limit of G, € an(yk), Y €S, yr — X}.

The following lemma is known in [27, Proposition 2.1].

Lemma 2.8. Let X € R? and let S be a subset of RP. Let g be defined by (2.7). Then dpg(X) and
0qg(x) are nonempty and compact, and so is dg|sg(X) if X € clS.

In the remainder of the present paper, let
S :={c € R" | A(c) has positive and distinct singular values}.

For any matrix M € R™*", we use {o;(M)}}_; to denote the singular values of M with o1(M) >
... > op(M) > 0. Define the operator o : R"*" — R"™ by

o(M):= (o1(M),...,o,(M)T, forany M € R"*". (2.8)
Recall that the operators A and f are defined by (1.1) and (1.3) respectively. Then
f=0co0A—-0o"

Thus we have the following two lemmas. Lemma 2.9, which has been proved in [27], gives the B-
differential Jacobian, generalized Jacobian, and relative generalized Jacobian of f at ¢. While Lemma
2.10, which is a direct consequence of [27, Lemma 2.1], gives a perturbation bound for the inverses of
B-differential Jacobian, the generalized Jacobian and the relative generalized Jacobian.

Lemma 2.9. Let f be defined by (1.3). Then we have the following assertions:

(i) If ¢ € R™ such that o,(c) > 0, then dgf(c) = {J | [J]i; = wi(c)TA;v,(c), [U(c), V(c)] €

(ii) Ifc €S, then £ is continuously differentiable at ¢ and moreover Opf(c) = 0gf(c) = {f'(c)};
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(iii) If c € clS, then dg|sf(c) ={J | J = kliT (%) with {y*} C S and y* — c}.

Lemma 2.10. Let c¢* € R™ such that the matriz A(c*) has singular values given by (1.5). Suppose
that each J € Og|sf(c*) (resp. each J € Opf(c*), each J € 0qf(c*)) is nonsingular. Then there exist
two numbers § € (0, 1) and v € [1, +00) such that for any c € B(c*,J),

sup [T (resp. s [l sup 7)<, (2.9)
J€dgst(c) Jedpf(c) Jedgf(c)
where we adopt the convention that sup & = —oo.

3 The Newton-type method and convergence analysis

In this section, we begin with the (exact) Newton-type method for solving the square inverse singular
value problems with the singular values given by (1.5). For the original idea of the Newton-type
method, one may refer to [2, 5]. Clearly, in the case when ¢t = 0, the method presented below is
reduced to the Newton-type method proposed in [27] (with m = n) for the multiple but positive case.

Algorithm 1. the Newton-type method

1. Given ¢ € R™, compute the singular values {o;(c®)}™_;, the orthonormal left singular vectors
{u;(c®)}™, and right singular vectors {v;(c®)}™_; of A(c?). Write

U := [u(lja '7u70n] = [ul(co)’ 7um(co)]a
Vo = [th), 7Vg] = [Vl(co)’ 7Vn(c0)]

2. For k=0, 1, 2,... until convergence, do:

(a) Form the approximate Jacobian matrix .J;, and the vector b*:
[Jrlij o= (af) T Avi, 1<id, j<m (3.1)
[b¥; == (uf)" Agvi, 1<i<n. (3.2)

(b) Compute the vector ¢k by
el = o — b*. (3.3)

(¢) Form the matrix Wy, := U,CTA(CkH)Vk-
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(d) Calculate the skew-symmetric matrices X, and Y:

[(Xklij =0, 1<i,j<s or n—t+1<1i, j<mn,

[Xk]ij::_[Xk]ji:mv TL—t-l—].SZSTL,].S]STL—t,
g

;
o [Wilji + 0 [Wilij

CAEEICOLI

[Xklij == =Xkl =

s+1<i<n—t, 1<5<n—t >},

[Yk]ij::07 n7t+1§z,j§n,

Wil . .
[Yi]ij == _[Yk]ji:_i[ k*]], 1<i, j<s,i>Jj,

0

Whilis . .
[Yk]”:_[Yk]ﬂ:—i[ k*]], n—t+1§j§n7 1§Z§7’L—t,

%

of [Wilij + 0 [Whlji

Yalij := —[Yalji = e StTlSisn-tl<ji<n-ti>g
j i
(e) Compute Upyq := [ubt ... ubt1] and Vi := [v¥*1 ..., vFH1] by solving
1 T L T
and . )
(I + 2Yk> ik, = (I - 2Yk) VL. (3.5)

Now we present a convergence analysis for the Newton-type method. Recall that we have assumed
that the given singular values satisfy (1.5). There is no difficulty in generalizing all our results to
an arbitrary set of given positive singular values. Let {c*}, {Uz}, {Vi}, {Xi}, {Y3}, and {Ji} be
generated by the Newton-type method with initial point ¢°. Let Ey;, and Ey, be defined by (2.5)-(2.6)
with {U = Uy} and {V = V. } respectively. Then we have the following lemma.

Lemma 3.1. There exist two numbers § € (0, 1) and v € [1, +00) such that for any k > 0 and
[U(c*) V(c*)] € W(c*) with max{||Ev, ||, |Ev,} < 0, the following assertions hold:

@) e =l <IN Ew N + 1B ?), if it evists;
(it) max{[[Ups1 = Ukll, [Virr = Vill} < v(lle"* = e[| + [ v, || + | Bv D). if ¢+ € B(c*,0);
(iii) max{[|EBy, [, B, [I} < A[Ie*t = e + (1Ev. | + [1Bv, )], if T € B(e*, 4).

Proof. Let {X;} and {Y};} be the skew-symmetric matrices defined by (2.4) with {U = U} and
{V =V} respectively. By Lemma 2.7, let §; € (0, 1) and 1 € [1, +00) be such that for any k > 0,

y’ s |t
IXillr < nllBod, 1XEY1e < nllBod? 105 e < il Eo?, (3.6)

7 r|s |t
Villr < nllBvll, IV e < mllBwl? 1Y% e <2l B, (3.7)
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when max{||Ev,||, ||Ev,} < d1. Let « the positive number determined in Lemma 2.3. Write

1 1
2 2 2 *
= —s*—t _ — = 2 442 8 . 3.8
m:=(n"—s )sgrzrg_t{galaj, 0;}, 12 i=max {2ma, 4+ 2y +8yim|lo’([}.  (3.8)
Set
9 2
vi= max{47f|a*|, 2\/571772} and ¢ := min{él, 3}. (3.9)
Y

Clearly, § € (0, 1) and v € [1, +00). Below we prove that § and v are as desired. For this purpose,
we assume that [U(c*), V(c*)] € W(c*). Let k > 0 be such that max{||Ey, ||, ||Ev,||} < d. Then one
has by (3.6), (3.7), and (3.9) that

IXkllr S mlBul <76 <1 and ||Yillr < mlByll <6 <1.

Thus, by direct computations, we have

N L\ Ly )
oo Xt mmo =t (3.10)
m=2 F m=2 m=2
Similarly,
(oo} oo oo
(=Yi)" 2 (=Y)™ ! (=)™
Do <Y el < || <
m=2 F m=1 F m=0 F
Write
oo o X — (=Y)™ T e O M e G (S L
Y2 k * kY2 \—re) % (=Ye)™
Ry = Xk(;_; - )2 (m_o - ) 2 kﬂ; S+ Xx Ykz::l L. (311)

Hence, one has by (3.10)—(3.11) that
IRellF < GIXellE + 1Yl % + 20 Xkl e - 1Yellr) - 12| r < 401 XkllF + 1Yl F) - [155)F (3.12)
It follows from (2.2), (3.6), (3.7), and (3.12) that
IB&llF < 497 lle” (1 BuI” + 1B, 1) < (1 Bu I? + [ B 1), (3.13)

where the last inequality holds because of the definition of v in (3.9). On the other hand, noting that
eXt = UlU(c*), e¥ := VIV (c*), and [U(c*), V(c*)] € W(c*), we derive

Xenre Ve = UT A(c*) V. (3.14)

Thus, by (3.11) and the fact of eX = 3~ £ we can write (3.14) into the form
m=0

Y4 XX — 2%, = UL A(C*)Vi + Ry, (3.15)
The diagonal equalities of (3.15) are

(uf)"A(c*)vE —of = [Relis, 1<i<n. (3.16)
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Hence, by the definitions of a*, J;,, b*, and A(c*), we get from (3.16) that
Jpc* + bk — o* = diag(Ry)
Substituting this from (3.3), one has
Ji(cF Tt — ¢*) = diag(Ry).

Therefore, assertion (i) is seen to hold by (3.13).

For the proof of assertions (ii) and (iii), we assume further that c**! € B(c*,§) (and so ||c
c*|| < §). The estimates of || X}, — X[, || Xx|, and H(If %Xk)fl
(3.15) and applying Lemma 2.5 (to X}, Y, UL A(c*)Vi, + Ry — X* in place of H, K and Z), one has
that

k+1 _

‘ are needed first. Indeed, using

kENT *\ <, K
~ u;)t A(c*)vY + [Rilij
[Xk]ij:< ) ( )*J [k]j, n—t+1<i<n, 1<35<n—1t
fo
J

o ofl(P)TA()VE + [Relij] + o7 [(wf) T A(c*)vi + [Ri];i]
[Xk]zj - (0#)2 — (07)2

, s+l <i<n—t, 1 <j<n—t,i>].

K2

This together with the formulation of X in the Newton-type method yields that

~ 1.114C TA Vk'i‘R i
[Xk]ij_[Xk]ij:(Z) kﬂ*] [k]j, n—t+1<i<n, 1<j<n-t, (3.17)
o
j

and

[Xk]”k 7T [Xk]lj k k\T k

)t Apavi +of (0 A vE + 0¥ [Relis + o[ Ry 4

- ) By #oil) Buervs 4oy £olRk Ly i cnsn 1< n—tis g
(07)% = (0})?

(3.18)
where and in sequel Agyq := A(c*) — A(c**1). Note that {uF}? ; and {vF}" , are orthonormal and
that, by Lemma 2.3,

1Akl < allet = el

One has by (3.17) and (3.18) that

N 1 ‘ .
[ Xklij = [ Xl < — (alle*™ —c* | +[|Rellr), n—t+1<i<n, 1<j<n—t, (3.19)
j

Xkl — [Xnlij| < (aflc* Tt —c*|| + |Rillp) . s+1<i<n—t, 1<j<n—t, i>j (3.20)

o*

ES
0

Since [Xj);; =0 foreach 1 <4, j <sorn—t+1<1i, j <n, wehave by (2.1), (3.19), (3.20) and the
definition of 77 that

15 = Xl < 1K = Xl < IX5 1p + 150 1+ (all ™! — e+ (| Rellr)
Combining this with (3.6) and (3.13), we further derive that

1Xk = Xill < 271[| Bo |1 +m [alle™ = || + 4t llo |1 Bu, |1* + 1Ev )] (3.21)
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1l < 2l B |+ 2 Eo P+ m [l = e+ 9l |1 Bu, |12 + 1 Bv, %)
Thus, by the fact of vy max{||Ev, |, ||Ev,|l} <716 < 1, one has
1Xel < malle ! = e+ 2+ + dnmlo* DI Eo, | + 4mllo] - 1wl (3.22)
hence,
1l < 2 (I = eIl + [ Bu | + 1Bwll) < 5 (I = <+ [1Bo, | + [1Bul)  (3:23)

(noting that v > 7o = max{2ma, 4+ 2y + 8y1m|o*||}). Since max{||Ey,l|, ||Ev.|} < ¢ and
|cF+L — c*|| < 4, we derive further by (3.9) and (3.22) that || Xx|| < 1. Therefore, applying Lemma
2.1 (for A=1— 1X} and B = I), one has

J-4x07 < =

_—— < 2. 3.24
1 Xkl ~ (3.24)

Consequently, the estimates of || X, — Xg|, || Xx|, and H(I - %Xk)le are complete. By a similar

argument, we can have the following estimates:
Vi = Yaell < 2711 BviI? + 1 [a| ™ = || + 492l || (| Bv |1* + | Bvi|1?)]

72 * Y *
Yl = = (It =l + 1 Eu |l + [1Bv, ) < 3 (I* = c* I + 1 Bull + [ Evl) (3.25)

and
(-7 <2 (3.26)

Now we offer the estimates of ||Uxi1 — Ukll, [Vet1 — Vi, | Ev,y. |, and || Ev,,,||. Note by (3.4)
that
Uk1 —Ux = Uk[(IJr %Xk) — ( - %Xk)]( - %Xk)fl = Uka(_[, %Xk)fl.

This together with (3.23), (3.24), and the orthonormal property of Uy, gives rise to
U1 = Uill < v (1" = (| + | Ev || + | Bwe ) -
Similarly, using (3.5), (3.25), and (3.26), we obtain
Vit = Vall < v (Il = ¢*[| + [ Ev, | + [ Evl) -

Thus, assertion (ii) holds. It remains to prove assertion (iii). The arguments for the estimates of
Ey, ., and Ey,_, are similar and so we only provide the proof for the estimate of Ey,,,. For this,
note by (3.4) and the definition of X}, that

Upp1 = U(c%) = Up[(I + $Xp)(I = §X5) 7" = e¥6] = Up[(I + §X5) — ¥ (1 = $X0)](1 — $X3) 7.

m

- 00 .
Then, using the equality eX* = Xi , it is easy to check that

m!
m=0
~ B ~ ~ 00 Xm—Z 1 1 1
- 0te) = s (5.5 50 b))
m=2 .
v 1 —1 1 " 1 —1 v 2 e X’:Zn_Q
= Uk(Xk_Xk)(I_QXk:) +§UkaXk(I—§Xk) —Uka Z il

(3.27)

11
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Noting that Uy is orthonormal, we deduce from (3.27), (3.10), (3.24), and (2.1) that
U1 = O (e < 201Xk = Xl + 1 X5l - 11Xl + 1Kkl < 201 X5 = Xl + 1 Xkl - | Xl + | Xl
Thus, one has by (3.6), (3.21), and (3.23) that

Ukt =T < (@dn+77 +83mlo*]| + 5mm2) (| Bu, | + | Evll)?

3.28
Homa+ et el 529

Recall from (3.8) that 7o = max{2n1c, 4 + 271 + 8y1m1||o*||}. We then have by (3.28) that

= * 3 *
10k41 = U < Srmel(1Bu ]l + [Bv )? + [le"F = e*l] (3.29)
(noting that 3 > 1). To proceed, write Uyt = [U(l) v? ul® ] wh Ul e R and
1= 1) b 8 ) k+1 * k+10 Yggrr Vgl where Up 5y an
Uk(:i)1 € R™*. Since (I — Ty ;)U®(c*) = 0 and ||I —y,|| <1 hold for i = 1, 3, one has

I = Ty ) UL | = (= Ty ) (UL, = UD€ [Upsr = T, i=1,3.  (3.30)

Noting that Ey, ,, = [(I—HUJ)UISQI, U,gi_)l — U@ (c"), (I—HU73)U,g:_3~_)1], we obtain from (2.1), (3.29),
and (3.30) that

1 2 . 3
1Bvll < 10 = Mo UL p + 102, = U @)l + 10 = Toa)lUile 54,
< 3yalUks — U(e)]l.
Therefore, thanks to (3.29) and (3.31), one sees that
1Eu, 0| < AlIl€*t = [l + (1Bu, | + 1w [1)?);
hence, assertion (iii) holds. The proof is complete. O

Now we present a convergence result of the Newton-type method which shows that the sequence
{ck} generated by the Newton-type method converges quadratically to a solution of the ISVP (1.2).
For this purpose, we require a basic assumption: Jdg sf(c*) is nonempty, which is guaranteed by
Lemma 2.8 if ¢* € cIS (actually, the nonemptiness of dg sf(c*) is equivalent that c¢* € clS). Further-
more, we also require the assumption that the initial point c® € S, so that each J), generated by the
Newton-type method is close to dg|sf(c*) (see the proof for Theorem 3.1 below).

Theorem 3.1. Let ¢* € clS such that the matriz A(c*) has singular values given by (1.5). Suppose
that each J € dg|sf(c*) is nonsingular. Then there exist § € (0, 1) such that for each c® € B(c*,6)NS,
the sequence {cF} generated by the Newton-type method with initial point ¢ converges quadratically
to c*.

Proof. By Lemma 3.1, let 6; € (0, 1) and 7 € [1, 4+00) such that for any k£ > 0 and [U(c*) V(c*)] €
W(c*), if max{||Ev,||, ||Ev,} < d1, the assertions (i)—(iii) in Lemma 3.1 hold with § = §;. Moreover,
thanks to Lemmas 2.6 and 2.10, we assume without loss of generality that for any ¢ € B(c*,d;), (2.9)
and the assertions (i)—(iv) in Lemma 2.6 hold. Write

q = 6/ny.
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Take 6 such that
01 1 1

0<d<ming —, ,
q’ 4gy(14+2)" 6ny2q- mjaXIIAjH

(3.32)

Clearly, § € (0, 1). Below we shall show that § is as desired. For this purpose, let ¢® € B(c*,§)(S.
Then, thanks to Lemma 2.9 and the definition of Jy, one has that dgsf(c”) = {f'(c”)} = {Jo}. In
addition, by Lemma 2.10 (as 0 < % < ¢1), we have

167 < - (3.33)
It suffices to prove that for any k=0, 1, ...,
1%
[c* —c*|| < ¢ (2) (3.34)
and
N
max{1 £ . 1B ) <0 (5) (3.35)

We proceed by mathematical induction. Since [c® — ¢*|| < § and ¢ > 2, (3.34) is trivial for k = 0.
Noting that Ey, = [(I -y ) U, U — U@ (c*), (I —Ty3)UP], one has by (2.1) and Lemma 2.6
that

% 1
1ol < 1 Buyllr < 10 = Ty)Us llp + 1057 = UD(e)llr + (I~ Ty a)Us” | » < 3y = 546,

where the equality holds because of the definition of ¢. Similarly, one can prove that || Ey,| < %qé;
hence, (3.35) is shown for k = 0. Assume that (3.34) and (3.35) hold for all £k <. Then, by (3.32),

ek —c*|| < %qd <01 and max{||Ey,l, |Ev.] < %qé < 601, foreachk <L (3.36)
Thus, applying Lemma 3.1, we get the following two assertions:
I bexists = ||FT —cf|| < AT (1B + | Evi ||?),  for each k <, (3.37)
and
max{||Up+1 = Ukll, [Virr = Vall} < 9" = e[| + | Byl + | Bvi |]),  for each k <1—1. (3.38)

Noting that

-1 -1
10 = Uoll <> 1Ukr = Uil and |[Vi = Voll < D [[Vir = Vi,
k=0 k=0

we have by (3.38), (3.34) (with k¥ <1 —1), and (3.35) (with ¥ <[ —1) that

(@0
GG )] o

max{||U; — Uo|l, [[Vi = Voll} < 3v¢d

Since 2" > n + 1 for each n > 0, it follows that

max{||U; — Uo|l, Vi = Vol} < 3vqo

13
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This together with the definition of § yields

1
20y - max | 4; |- max{ [V = Usll, Vi = Vall} < 6m7%06 - max |4, < 5. (3.39)

Moreover, by the definition of [J;];; (cf. (3.2)), one has
|[7lis = [Jolig | = | (uf = wd) T Ay + (ud)T A5 (vi = v)| < 2] 45 - max{[|ug —u?[l, [vi - v7[[}.
Then, thanks to (2.1), we get that
19 = Joll < lle = Jollp < 2nmax |[A;]] - max{[[U; — Uoll, Vi = Voll}-

It follows from (3.33) and (3.39) that

- 1
1761 1172 = Joll < 2ny - max [|A; | - max{[|U = Uoll, |[Vi = Voll} < 3

Thus, applying Lemma 2.1 (for A = J; and B = Jp) and using (3.33) again, we obtain

- 17"
17, < 1 ! 2.
L=l - Wl = Joll
Then, by implication (3.37) and the inductive assumption (3.35) with k& = I, we obtain
1 2l+1
o1 = el < 221 B P+ [Bwl) < 4% (5) (3.40)

Thus, (3.34) holds for k = [ + 1 and moreover ||c't! — c*|| < §; as ¢ < min{d, 1/(4v?)} by (3.32)
and the fact of v > 1. Hence, noting (3.36), Lemma 3.1 (ii) and (iii) (with k& = [) are applicable to
concluding that

max{||Uis1 = Ull, [Visr = Vill} < ('™ = e[| + | Eo, || + | Evi )

and
max{|| B, |, [ Bvig I} < ylle™ = [l + (1Eu |l + [ Bw 1))
Therefore, we derive from (3.40) and the inductive assumption (3.35) (with k& =) that

ol+1

1
max{Buna . v} < 4000+ 2)0) (3 )

Thus, thanks to (3.32), (3.35) holds for kK =+ 1 and the proof is complete.
O

Theorems 3.2 and 3.3 below, the proofs of which are similar to that of Theorems 3.1, show that
the condition ¢* € clS is not required if the nonsingularity assumption for each J € dg sf(c*) is
replaced by the nonsingularity assumption for each J € dpf(c*) or each J € dof(c*).

Theorem 3.2. Let ¢* € R™ be such that the matriz A(c*) has singular values given by (1.5). Suppose
that each J € dpf(c*) is nonsingular. Then there exist § € (0, 1) such that for each c® € B(c*,§)NS,
the sequence {c*} generated by the Newton-type method with initial point c® converges quadratically
to c*.

Theorem 3.3. Let ¢c* € R™ be such that the matriz A(c*) has singular values given by (1.5). Suppose
that each J € Ogf(c*) is nonsingular. Then there exist § € (0, 1) such that for each c® € B(c*,8) NS,

the sequence {ck} generated by the Newton-type method with initial point ¢ converges quadratically
to c*.
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4 An inexact version

In this section, we design an inexact version of the Newton-type method proposed in Section 3 where
the linear system (3.3) is solved inexactly, and establish some convergence results for the inexact
version. In the remainder of the paper, let 8 € (1, 2].

Algorithm 2. the inexact Newton-type method

1. Given ¢ € R", compute the singular values {o;(c)}™ ;, the orthonormal left singular vectors
{u;(c®)}™, and right singular vectors {v;(c®)}™; of A(c?). Write

Up:=[uf,...;ud ] = [u(c?),...,un(c?)],
Vo= [vi, ..., vp] = [valc?), ... v ()],
0¥ := (01(c?),...,0,(c")T.

2. For k=0, 1, 2,... until convergence, do:

(a) Same as (a) in Algorithm 1.
(b) Solve (3.3) to find ck*! such that the residual r* defined by

rf = Jpcft L bF - ot (4.1)
satisfies that
et
(¢) Same as (c) in Algorithm 1.
(d) Same as (d) in Algorithm 1.
(e) Same as (e) in Algorithm 1.
(f) Compute o*! := (a"T! ... akt!)T by

ot = (WFTHT AR VT 1< <. (4.3)

)

To establish the convergence results of the inexact Newton-type method, we also need the following
lemma. For this purpose, let {c*}, {Ux}, {Vi}, {Xx}, {Yi}, and {Ji} be generated by the inexact
Newton-type method with initial point c°.

Lemma 4.1. There exist two numbers 6 € (0, 1) and v € [1, +00) such that for any k > 0 and
[U(c*) V(c*)] € W(c*) with max{||Ev, ||, |Ev,} < 0, the following assertions hold:

@) ¥t — e[| < AT U B + 1B 12 + llo® = a*[|%), if Ji* exists;

(i) max{[|Ev, [ | Bvp, I} < (et = e*[| + ([Eu ]l + | Ev,[)?]. if 1 € B(e*, )
(i) max{|[Ups1 = Ukll, IVisr = Vill} < 2" = e[| + [ Bu, | + | Bv D). if ¢+ € B(c*,0);
(iv) [lo* — o] < y(lle* — e[| + [ Ev.[I* + | Ev ).
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Proof. The proof for assertions (i)-(iii) is very similar to that for Lemma 3.1. Below we show assertion
(iv). To do this, as in the proof for Lemma 3.1, let {X};} and {Y}} be the skew-symmetric matrices
defined by (2.4) with {U = Uy} and {V = V},} respectively, and let « > 0, §; € (0, 1), 71 € [1, +00)
be the numbers determined by Lemmas 2.3 and 2.7, respectively. Let Ry be defined by (3.11). Then,
one can check as in the proof for Lemma 3.1 that (3.13) and (3.16) also hold. Thus, by Lemma 2.3

n

and using the orthogonality of {u¥}?_, and {v¥}"_,, one has that

()T A(c*)v — o

P

= [ (A(c*) = A(e*))vi + (uf)T A(e)vi — ol
< aflc® —c*| + 47 (lo* || B, |1* + [ Bvi %)

This, together with the definitions of o*, o* in (4.3) and (2.2), gives that
lo® —o* Il < v(lic” = e + (1 Ev 1 + | B [1)),

where v := max{\/na, 4/nvi|lo*||}, and assertion (iv) is seen to hold. The proof is complete. O

Note the known Lipschitz continuity of o defined by (2.8); see [12, Corollary 8.6.2]. Then, following
the line for proving Theorem 3.1 and using Lemma 4.1 (where Lemma 3.1 is used), one can establish
the following convergence result for the inexact Newton-type method .

Theorem 4.1. Let ¢* € clS such that the matriz A(c*) has singular values given by (1.5). Suppose
that each J € dg|sf(c*) is nonsingular. Then there exist § € (0, 1) such that for each c® € B(c*,6)NS,
the sequence {cF} generated by the inevact Newton-type method with initial point c® converges to c*
and the convergence rate is equivalent to 3.

Similarly, we can also present the following two results where the nonsingularity assumption for all
J € 0g|sf(c*) is replaced by the nonsingularity assumption for each J € dpf(c*) or each J € dof(c*).

Theorem 4.2. Let c* € R™ be such that the matriz A(c*) has singular values given by (1.5). Suppose
that each J € dpf(c*) is nonsingular. Then there exist § € (0, 1) such that for each c® € B(c*,§)NS,
the sequence {c¥} generated by the inevact Newton-type method with initial point c® converges to c*
and the convergence rate is equivalent to 3.

Theorem 4.3. Let ¢c* € R™ be such that the matriz A(c*) has singular values given by (1.5). Suppose
that each J € Ogf(c*) is nonsingular. Then there exist § € (0, 1) such that for each c® € B(c*,8) NS,
the sequence {c¥} generated by the inevact Newton-type method with initial point c® converges to c*
and the convergence rate is equivalent to 3.

5 Numerical tests

In this section, we report some numerical tests to illustrate the convergence performance of the
proposed Newton-type methods (including the Newton-type and inexact Newton-type methods). Our
aim is, for the square inverse singular value problems with multiple and/or zero singular values, to
illustrate the validity of the Newton-type methods. All the tests were implemented in MATLAB 7.0
on a Genuine Intel(R) PC with 1.6 GHz CPU.
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Let {T;}, be Toeplitz matrices given by

[0 1 o0 0] [0 0 0 1]

1 0 1 0 0
lela T2: 0 ]_ 0 ) L) T’rl:

: o0 1 . .0

0 0 1 0] 10 0 0|

Let Hy, Hy C O(n) generated by Matlab-provided random function. Define Ay = 0 and {A;}, C
R™*™ as follows
A; = HiT;Hy, foreachi=1,2,...,n

)

where 0 is a zero matrix of appropriate size. Here we focus on the following three cases: (a) m =n =
50; (b) m = n = 100; (c) m = n = 200. To present multiple and zero singular values, we first generate
in each test a vector &* randomly such that, for some integers p and ¢, |op4+1(€*) — 0,(€*)| < 5e — 5
and 0,(€*) < le — 4, where ¢* := &* x 1074, Set

op(€), i=p, p+1;
o; =14 0, i=q;
0;(€*), otherwise.

Then we choose {07} ; as the prescribed singular values.

Since both the Newton-type and inexact Newton-type methods are locally convergent, c® is formed
by chopping the components of €* to five decimal places for the case (a), and to six decimal places
for the cases (b), (c).
need to solve three linear systems: the approximate Jacobian equation (3.3), systems (3.4) and (3.5).

For each case, ten test problems are constructed. In both algorithms, we
Note that, in the Newton-type method, the approximate Jacobian equation (3.3) is required to be
solved exactly.
solve up it to machine precision eps. Recall that the matrices on the left-hand side of (3.4) and
(3.5) approach the identity matrix in the limit (cf. (3.23) and (3.25)). Hence one can expect to
solve them accurately by iterative methods in just a few iterations. While in the inexact Newton-

Thus, one may solve it by the direct method or choose an iterative method and

type method, the approximate Jacobian equation (3.3) is only required to be solved inexactly and
so iterative methods can be considered here to reduce the computational cost of solving (3.3). As in
[3], we choose the QMR method [10] via the MATLAB QMR function as the iterative method, where
the maximal number of iterations is set to be 1000. In particular, to speed up the convergence, we
use Matlab-provided ILU (Incomplete LU factorization) preconditioner: LUINC(A,drop-tolerance) in
solving (3.3) since the ILU preconditioner is one of the most versatile preconditioners for unstructured
matrices (cf. [9], [14]). We use ¢ and right-hand side vector as the initial guesses for the approximate
Jacobian equation (3.3) and systems (3.4)—(3.5) respectively. The inner loop stopping tolerance for
(3.3) in the inexact Newton-type method is given by (4.2). While systems (3.4), (3.5) and (3.3) in
the Newton-type method are all solved up to machine precision eps. Finally, for both algorithms, the
outer iteration is stopped when

UL A(cF) Vi — B || < 10713,

We now report our experimental results. Table 1 illustrates the values of dy, := |[UL A(c*)Vy—%*|| ¢
for one of the test in case (a), where the approximate Jacobian matrix (3.3) is solved by the QMR

17
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method mentioned above. While the convergence performance averaged over the ten test problems for
all cases are illustrated in Tables 2 and 3, where “T”, “N,”, “N;” represent respectively the averaged
CPU time, the averaged numbers of outer iterations and the total ones of inner iterations required for
solving (3.3). It should be noted that, in Table 2, the direct method (denoted by “DIRECT”) and the
QMR method (denoted by “QMR”) are both adopted for solving (3.3) of the Newton-type method.
Moreover, in Table 3, “I” means no preconditioner is used and “P” means the MILU-preconditioner
is used in the QMR iterative method. We use “+00” in the numbers of inner iterations to denote
that the methods fails to converge (see Table 3). Furthermore, since it was shown in Theorem 4.1
that the inexact Newton-type method converges with convergence rate 3, we present the convergence
performance of the inexact Newton-type method with different values of 8 in all tables. To further
illustrate the over-solving problem, we give the convergence history of the inexact Newton-type (with
B = 1.8) and the Newton-type methods in Figure 1 for one test in case (a), in which the logarithm of
the error ||U] A(c®) Vi, — Il versus the number of inner iterations for solving the approximate Jacobian
equation (3.3) are depicted (each point denotes an outer iteration).

We can see from Table 1 that both the Newton-type and inexact Newton-type methods converge
quadraticallly /superlinearly and that, for the inexact Newton-type method, convergence performance
of larger B are better than that of smaller 8 on the whole. While from Table 2, we can see that the
CPU time and the outer iteration numbers of the inexact Newton-type method with 5 > 1.6 are fewer
than that of the Newton-type method. As shown in Table 3 and Figure 1, in terms of V;, the inexact
Newton-type method is more effective than the Newton-type method and the over-solving problem
of the Newton-type method is much significant than the inexact Newton-type method especially for
B = 1.8. We also note that for the same method or the same 3 in the inexact Newton-type method,
the MILU-preconditioner is quite effective in speeding up the solving of the approximate Jacobian
equation.

Table 1: Convergence performance of Algorithms 1 and 2

Algorithm2

k- Algorithm 1 B=12 pB=14 B=16 B=18 B=20
0  3.2le-04 3.21e-04 3.21e-04 3.21e-04 3.21e-04 3.21e-04
1 7.32e-06 8.67¢-05 8.67e-05 8.23¢-05 8.09e-05 7.73e-05
2 3.16e-08 5.92e-06 2.92e-06 2.58¢-06 2.08¢-06 1.93e-06
3 8.7le-12 1.83e-06 1.39¢-08 2.91e-09 2.81e-09 2.77e-09
4 2.28¢-16 8.960-08 7.17e-11 1.5le-14 7.67e-15 4.37e-15
5 : 1.28e-08  1.20e-16

6 : 1.07e-10

7 : 1.10e-13

8 : 5.29¢-16
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Table 2: Averaged total numbers of outer iterations N, and CPU time T

Algorithm1 Algorithm2
DIRECT QMR B8=12 B=14 B =1.6 B8=138 B8=20
N, 4.40 4.40 7.40 5.40 4.60 4.40 4.40
(2) T 5.95 6.21 6.90 5.03 5.01 4.75 4.94
b N, 4.30 4.30 8.20 5.70 5.00 4.30 4.30
(b) T 1.60e+01 1.49e¢+ 01 2.48¢ 4+ 01 1.70e +01 1.49¢+01 1.13e+01 1.41e+ 01
N, 5.10 5.10 1.04e + 01 7.50 5.50 5.10 5.10
(c) T 4.66e+01 4.71e+01 9.32e4+01 7.10e+01 5.03¢+01 4.17e4+1 4.38e + 01
Table 3: Averaged total numbers of inner iterations N;
Algorithm 1 Algorithm 2
B=1.2 B=14 B8 =16 B8=1.8 B =20
P 4.69¢ + 01 1.83¢+01 1.62e+01 1.51le+01 1.46e+01 2.07e+ 01
(2) 1 8.49¢ + 02 7.08¢+02 5.23¢+02 4.76e+02 4.51le+02 4.91e+ 02
(b) P 1.12e + 02 5.43e+01 5.11e+01 4.80e+01 4.54e+01 5.53e+ 01
1 4.04e 4 03 3.85e+03 3.20e+03 2.73e+03 2.48e+03 2.74e+ 03
(©) P 1.09e + 03 5.88¢ 4+ 02 5.34e+02 4.68¢+02 4.62¢+ 02 5.40e + 02
¢ I 400 400 +00 +00 400 400
-2 T T T T T
— % — inexact Newton-type method (5 = 1.8)
— © — exact Newton-type method
i S |
%\ < _
\\ T S _ -
,67 \ = - -
* T~
\ O\
& -8k AN R J
| N\ ~
;3 -10} \x\ N % i
§_127 \\ \\ b
2 . 3
_147 \ \\ -
E N i
* '
©
_18 L L L L L L L L
) 5 10 15 20 25 30 35 40 45

Number of inner iterations

1: Convergence history of one test.
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6 Conclusions

We proposed in this paper a Newton-type method (and its inexact version) for solving the ISVP (1.2)
with multiple and/or zero singular values and established the corresponding quadratic/superlinear
convergence results for the special case when m = n.

Recall that an exact/inexact Newton-type method was proposed in [27] for solving the ISVP (1.2)
with the multiple but positive singular values, and its quadratic/superlinear convergence was claimed
[27, Theorem 3.1] there. However, there is a fatal gap in the proof for Theorem 3.1 there. Indeed,
the main idea for proving [27, Theorem 3.1] is to estimate |c**! — c¥|| to show that the generated
sequence {c*} is a Cauchy sequence, which used unavoidably the following equality:

Y+ X2 - Y, = UL APV, — Dy, (6.1)

where Dy, := Diag(r¥, &, ..., r¥) € R™*" and r¥ (1 < i < n) is the i-th component of the residual
control vector r* (see [27, Remark 3.1 and page 149, lines 20-21] for details). Unfortunately, equality
(6.1) is not true in general if s > 1 even in the case when m = n because, by the definitions of X},
and Y}, in the algorithm,

S+ XX =2 V)i = —[UF A Valyi # [UFA(SPT) Ve —Dyij, foreach 1<i<j<s, (6.2)

in general. Moreover, we remark that the technique used in [27] cannot be adopted to treat the
distinct case with the zero singular values (i.e., (1.5) is satisfied with s = 1 and ¢ = 1) as the same
gap appears because

[2F 4+ X3 2F — B*Y3]i; = 0 # [UF A(F ™) Vi — Dylij, foreach n—t+1<4, j<n. (6.3)

Actually, we don’t know whether [27, Theorem 3.1] is still true or not in the case when m > n.

The technique used in this paper for proving the convergence results is different from the one used
in [27]. Indeed, we show the convergence of the sequence {c¥} in this paper for the case when m = n
k+1 _ k||, to avoid using the equality (6.1) but using
the key Lemmas 2.5 and 2.7 to get the estimation for || X; — Xj||. It seems that this technique does
not work for the case when m > n because, for each n —t+1 <14, j <m —t, \[Xk — X4Jij] can not
be estimated as done for other components of X — Xy, (even though Lemmas 2.5 and 2.7 could be

extended to the case when m > n).

via estimating directly ||c* — c*||, rather than ||c

Acknowledgments. We are grateful to the referees for their valuable comments which help us
to improve the original presentation of the paper.
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